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Toric Elliptic Fibrations Over Hirzebruchs
Abstract
F-theory offers a compelling, nonperturbative framework in which to construct string vacua in even
dimensional space-time. These theories are described by an elliptically fibered Calabi-Yau manifold over a
base of complex dimension $d$ for a low energy theory in $10-2d$ dimensional space-time. The structure of
the gauge group in the low-energy theory is captured principally in the singularities of the elliptic fibration. In
the parlance of type IIB string theory, the gauge group is reflected in 7-branes which wrap on topologically
nontrivial cycles of the base manifold.
The geometry of the gauge groups and matter representations that arise in F-theory has been worked out by
Taylor-Morrison. While there is a finite set of gauge groups and matter content that arise in F-theory
constructions of 6D supergravity theories, a given base may yield a wide range of both. Models that have
different spectra over a common F-theory base can be configured by tuning the coefficients in the Weierstrass
description of the model such that certain codimension-one and -two singularities materialize in the elliptic
fibration. As the structure of singularities in the fibration becomes more sophisticated, the accompanying
matter representations become more exotic.
Taylor-Morrison systematically classified the smooth toric bases that support elliptically fibered Calabi-Yau
threefolds. By analyzing the intersection structure of irreducible effective divisors on the base, they found that
there are 61,539 distinct toric bases. Many Calabi-Yau manifolds can be realized as hypersurfaces in toric
varieties of one higher dimension which, following Batyrev, can be constructed with reflexive polyhedra.
Kreuzer-Skarke systematically identified the 473,800,776 reflexive polytopes in 4D. This suggests another
approach to understanding elliptically fibered Calabi-Yau threefolds for 6D theories: by analyzing polytopes in
4D, one can understand all toric elliptic fibrations for F-theory from this list. Braun identified the polytopes
corresponding to elliptic fibrations over base $C\mathbb{P}^2$.
In this thesis, I systematically identify the polytopes that correspond to elliptic fibrations of the first
Hirzebruch surfaces $F_1$ as well as $F_{12}$, the final Hirzebruch surface admitted in an F-Theoretic
context. I study the hodge structure of all admitted 4D polytopes; as well as the Gauge groups and Kodaira
fibers.
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ABSTRACT
TORIC ELLIPTIC FIBRATIONS OVER HIRZEBRUCHS
Prashant Subbarao
Ron Y. Donagi
F-theory offers a compelling, nonperturbative framework in which to construct
string vacua in even dimensional space-time. These theories are described by an
elliptically fibered Calabi-Yau manifold over a base of complex dimension d for a low
energy theory in 10 − 2d dimensional space-time. The structure of the gauge group
in the low-energy theory is captured principally in the singularities of the elliptic
fibration. In the parlance of type IIB string theory, the gauge group is reflected in
7-branes which wrap on topologically nontrivial cycles of the base manifold.
The geometry of the gauge groups and matter representations that arise in F-
theory has been worked out by Taylor-Morrison. While there is a finite set of gauge
groups and matter content that arise in F-theory constructions of 6D supergravity
theories, a given base may yield a wide range of both. Models that have different
spectra over a common F-theory base can be configured by tuning the coefficients in
the Weierstrass description of the model such that certain codimension-one and -two
singularities materialize in the elliptic fibration. As the structure of singularities in
the fibration becomes more sophisticated, the accompanying matter representations
become more exotic.
Taylor-Morrison systematically classified the smooth toric bases that support el-
liptically fibered Calabi-Yau threefolds. By analyzing the intersection structure of
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irreducible effective divisors on the base, they found that there are 61,539 distinct
toric bases. Many Calabi-Yau manifolds can be realized as hypersurfaces in toric
varieties of one higher dimension which, following Batyrev, can be constructed with
reflexive polyhedra. Kreuzer-Skarke systematically identified the 473,800,776 reflex-
ive polytopes in 4D. This suggests another approach to understanding elliptically
fibered Calabi-Yau threefolds for 6D theories: by analyzing polytopes in 4D, one can
understand all toric elliptic fibrations for F-theory from this list. Braun identified the
polytopes corresponding to elliptic fibrations over base CP2.
In this thesis, I systematically identify the polytopes that correspond to elliptic
fibrations of the first Hirzebruch surfaces F1 as well as F12, the final Hirzebruch surface
admitted in an F-Theoretic context. I study the hodge structure of all admitted 4D
polytopes; as well as the Gauge groups and Kodaira fibers.
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Preface
I assume the reader has familiarity with algebraic geometry ([Ha77]), toric geometry
([CLS11]), arithmetic geometry ([Si09]) and some string theory ([Po05-1], [Po05-2]).
The reader is encouraged to consult those resources before beginning this expedition.
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1 Reflexive Polytopes in 4 dimensions
Points in the plane with integer coordinates form an integer lattice. A lattice polygon
is a polygon in the plane that has vertices on the lattice. In the following, we present
notes on enumerating and classifying reflexive polyhedra in four dimensions.
This topic is of potential interest because:
• Reflexive polyhedra helped show that the moduli spaces of CY manifolds are
connected. They help demonstrate that the space of CY hypersurfaces in
weighted projective spaces are connected [AvCaJaMa95]. Two CY manifolds
are connected if one of the corresponding polytopes is a subpolyhedron of the
other (or, more generally, if there is a chain of polytopes that are mutually
connected).
• Complete intersections of toric varieties constitute nearly all of the examples
in the physics literature of CY spaces. In particular, they occur in Witten’s
famous GLSM model.
Preliminaries: Reflexive polyhedra are defined in relation to some lattice M ' Zn
or its dual lattice N ; and the underlying real vector spaces, MR and NR. They have
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the origin in their interiors (often referred to as the interior point property).
If ∆ ⊂MR is a polytope, it’s dual polytope ∆∗ ⊂ NR is defined as
∆∗ = {y ∈ NR|〈y, x〉 ≥ −1 ∀x ∈ ∆}
Because of the convexity of ∆ we have the relationship (∆∗)∗ = ∆.
Thus given a lattice M , a lattice polytope is a polyhedron ∆ on MR whose vertices
lie in M . ∆ is called reflexive if its dual ∆∗ ⊂ NR is a lattice with respect to N .
Notice that ∆ is reflexive if and only if ∆∗ is reflexive.
Any reflexive polytope ∆ defines a fan Σ∆ spanned by the faces of ∆; and, as
a result, a toric variety X(M,Σ∆). Thus, reflexive polytopes are in a one-to-one
correspondence with Gorenstein toric Fano varieties up to isomorphism.
This suggests potential connections with Mirror Symmetry! Suppose we have a
pair of dual reflexive polytopes, ∆,∆∗; and an accompanying dual pair of Gorenstein
toric Fano varieties. It can be shown [Ba93] that general anti-canonical hypersurfaces
of a Gorenstein toric Fano variety are Calabi-Yau; and that they can be resolved to
be smooth in up to 4 dimensional space. Invariants of these Calabi-Yau varieties can
be computed from properties of the reflexive polytope.
It is known that there are only a finite number of reflexive polytopes. A polytope
∆ is reflexive if and only if for any facet F of ∆, there are no lattice points lying
between the affine hyperspaces spanned by the F and its parallel through the origin.
A corollary of this is that the lattice is the only lattice point in the interior of a
reflexive polytope. As was shown [LaZi91], there are (up to isomorphism) only a finite
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number of n-dimensional lattice polytopes containing the origin as the only lattice
point in the interior. In 2 dimensions, this is a sufficient condition: any 2D polytope
whose only interior point is the origin is reflexive. In dimensions 3 or greater, however,
this is not the case.
Table 1: Reflexive Polytopes by dimension
n # Reflexive Polytopes (up to automorphism)
1 1
2 16
3 4,319
4 473,800,776
5 Unknown
1.1 Two Dimensions
To develop our intuition, we will focus for a moment on 2 dimensional reflexive poly-
topes. Once one has a single reflexive polytope, it is straightforward to generate new
ones by reflections, rotations and shears. We want to define all the reflexive polytopes
in 2 dimensions up to automorphism.
We can define maps that send the lattice N to itself using two-by-two matrices.
These matrices must have integer entries so as to map points with integer coordinates
to points with integer coordinates. They have to be invertible because they are
mapping the lattice to itself; and they must have determinant ±1 because the image
of each map has to contain all points with integer coordinates. From this, we can
show that the matrices preserve the area of the lattice polytopes.
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Let GL(2,Z) be the set of two-by-two matrices
 a b
c d

with integer entries and determinant ad− bc = ±1.
Elements ofGL(2,Z) are invertible, and their inverses are also members ofGL(2,Z).
Suppose T belongs to GL(2,Z) and denote mT as the multiplication-by-T map that
sends points in the plane to another point in the plane. Because T ∈ GL(2,Z), the
map mT is a continuous bijection of the plane which sends the lattice N to itself.
Because the origin is the only lattice point in the interior of a reflexive polygon, it is
the only lattice point which can be mapped to the interior of the image of a reflexive
polygon. Thus, we can conclude that the map mT sends reflexive polygons to reflexive
polygons.
We can use this to define an equivalence class of 2D reflexive polygons. Two
reflexive polygons ∆ and ∆′ are GL(2,Z)-equivalent if there is a map
T =
a b
c d

such that mT (∆) = ∆
′.
There are exactly 16 equivalence classes of polytopes in 2 dimensions [CLS11].
They are depicted in Figure 1 below.
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Figure 1: Sixteen equivalence classes of reflexive 2D polytopes
(Source: [CLS11])
5
Figure 2: From left to right, F13, F15, F16. Maximal polytopes in 2 dimensions.
Figure 3: From left to right, F1, F2, F4. Minimal polytopes in 2 dimensions.
1.2 Higher Dimensions
Method: We reconstruct reflexive polytopes by constructing a set S of “maximal”
polyhedra such that every reflexive polyhedron is a subpolyhedron of some polytope
in S (following [KrSk95]). Once we have S, all that remains is to construct all
subpolyhedra that are polyhedra in S; and then check for reflexivity.
If S is the set of maximal polyhedra, the set S∗ of elements dual to S will have
the property that any reflexive polytope will contain at least one element of S∗ as
a subpolytope. Whereas the elements of S are maximal in a sense, those of S∗ are
minimal.
In the two-dimensional case, F13, F15, F16 were the maximal two-dimensional poly-
topes; and F1, F2, F4 were minimal. Blowing down from F13, F15, F16 or blowing up
from F1, F2, F4 will yield all 16 two dimensional reflexive polytopes.
6
Altogether, we require that a minimal polyhedron δ ⊂ NR have the following
property:
1. δ is a lattice polyhedron.
2. δ has 0 in its interior.
3. If we remove one of the vertices of δ and take the convex hull of the resulting
polytope δ′, it will not have 0 in its interior.
4. The convex hull of δ∗ ∩M has 0 in its interior.
It can be shown [CLS11] that the minimal polytope δ must either be a simplex;
or contain lower-dimensional simplices with the origin in their respective interiors
such that any vertex of δ belongs to at least one of these simplices. (Proof follows in
Appendix I.) With this, we can classify δ with respect to the number of vertices and
the simplices those vertices belong to.
In two dimensions, the only possibilities are the triangle V1V2V3 and parallelogram
V1V2V
′
1V
′
2 , where V1V2 and V
′
1V
′
2 are one-dimensional simplices with the origin in their
interior. (cf. F1, F2, F4 from the diagram above).
Requiring that a simplex spanned by vertices Vi contains the origin in its inte-
rior is equivalent to saying that there exist positive real numbers (weights) qi such
that
∑
qiVi = 0. The set of weights for a simplex will be referred to as a weight
system; and the collection of weight systems for a minimal polytope will be called a
combined weight system. (If Vi does not belong to the j
th simplex, we say q
(j)
i = 0.)
Combined weight systems allow us to reconstruct δ∗ and, by extension, δ in a very
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straightforward way:
If δ has vertices V1, ..., Vk, consider the map φ : MR → Rk
φ : X → ~x = (xi, ..., xk) with xi = 〈Vi, X〉.
The map φ defines an embedding such that the image of MR is the subspace
defined by
∑
i q
(j)
i xi = 0 ∀j. Meanwhile, the dual polytope δ∗ is isomorphic to the
polytope defined in this subspace by the requirement that xi ≥ −1 for i = 1, ..., k.
Since δ has to live on a lattice (requirement 1), the qi can be chosen as ni/d where
ni are integers without a common divisor; and d =
∑
i ni. Clearly, there is a unique
lattice Ncoarsest generated by the vertices of δ such that any lattice N on which δ is
integer is a refinement of Ncoarsest.
This lattice, Ncoarsest, will have a dual which we denote Mfinest. The image of
Mfinest under φ is simply the set of integers (x1, ..., xk) fulfilling
∑
i n
(j)
i xi = 0 ∀j.
Requirement 4 is fulfilled by any lattice M so it must also be fulfilled by Mfinest.
Thus, as far as determining which weight systems play a role, it will suffice to confine
our attention to Mfinest.
A combined weight system ~q uniquely determine δ and Mfinest. This is because
once we have ~q, we say
• ∆(~q) is the convex hull of δ∗ ∩Mfinest.
• ~q has the interior point property if ∆(~q) has the interior point property.
A combined weight system ~q can have the interior point property only if each of
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the single weight systems occurring in it has that property. There is only a finite
number of weight systems qi with a given number of weights such that ∆(~q) has the
interior point property (cf. Appendix II). For 2 weights, there is only one combined
weight system: (n1, n2) = (1, 1). For three weights, the only weight systems are (1,
1, 1), (1, 1, 2) and (1, 2, 3). For four weights, there are 95 weight systems and for
five weights, 184026. When these weight systems are plugged into simplex structures
and tested for requirement 4 above, we find there are 200K combined weight systems
(relevant to four-dimensional reflexive polytopes).
Thus, we can find all four dimensional reflexive polytopes by finding all subpoly-
topes ∆ of ∆(~q) for the above 200K combined weight systems; check if it has the
interior point property; and then check if there is a sublattice of Mfinest on which ∆ is
reflexive. The second requirement–that there exist a sublattice on which our polytope
is reflexive–is tackled as follows.
Suppose that ∆ has nV vertices and nF facets. (Recall that a facet is a codimension
one face.) The dual polytope ∆∗ will have nV facets and nF vertices. The vertices of
∆∗ will generate lattice Ncoarsest on which ∆
∗ is a lattice polytope; just as the vertices
of ∆ will generate lattice Mcoarsest on which ∆ is a lattice polytope. The two lattices
Ncoarsest and Mcoarsest will have duals Nfinest and Mfinest, respectively.
Let X be the nF ×nV vertex pairing matrix defined by Xij = 〈V̄i, Vj〉 where V̄i are
the vertices of ∆∗ and VJ for ∆. By the definition of duality, when Vj lies on the i
th
facet, Xij = −1. If there is any lattice such that ∆ is reflexive on it, then all entries of
X must be integer. Conversely, if X is integer, then Mcoarsest is a sublattice of Mfinest
and there is an algorithmic way of finding all lattices on which ∆ is reflexive:
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Gauss offered an algorithm that computes in linear time a minimal basis of a
lattice in dimension two. In the same style, if we recombine the rows and columns of
X, we can decompose X as X = W ·D · U where W is a GL(nF ,Z) matrix, U is a
GL(nV ,Z) matrix and D is an nF × nV matrix whose first n diagonal elements are
positive integers and whose other elements are 0.
Now, we define an embedding α : MR → RnF such that Mfinest is isomorphic to
the sublattice ZnF determined by the linear relations among the V̄i. Here, the Xij
are just the embedding coordinates of the vertices Vj. Thus, the matrix W effects a
change of coordinates in ZnF so that ∆ now exists in the lattice spanned by the first
several coordinates. Another way of saying this is that we may interpret the first n
entries of the jth column of D · U as coordinates of Vj on the lattice Mfinest.
By analogy, the lines of W · D give us the coordinates of the vertices of ∆∗ on
Nfinest. U and W provide the corresponding coordinates on the coarsest possible
lattices.
With this we have, in principle, the complete algorithm. A further refinement
is that we only need a sliver of the 200K weight systems! Suppose that a reflexive
polytope ∆ ⊂ MR is “r-maximal”: reflexive with respect to M but not contained in
any other polytope that’s reflexive with respect to M . It’s dual, ∆∗ is going to be
“r-minimal”: a reflexive polytope with no reflexive subpolytope. (F16 and F1 from
above are r-maximal and r-minimal, respectively.) For n ≤ 4, ∆(~q) is reflexive when
it has the IP property. (cf. Appendix III). It makes sense to denote a combined
weight system ~q r-minimal if ∆(~q) is r-maximal. This implies that every reflexive
polytope must be a subpolytope of ∆(~q) on some lattice, where ~q is now an r-minimal
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combined weight system. r-minimality of ~q, moreover, is easy to check because we
only need to test if (∆(~q))∗ contains a reflexive proper subpolyhedron; and it is easy
to implement such an algorithm.
This algorithm will yield all the reflexive polytopes in four dimensions; and these
will be precisely the 473,800,776 polytopes found by Kreuzer and Skarke. Every
Calabi-Yau threefold that can be realized as a toric variety in four dimensions is
captured by one of those polytopes. Calabi-Yau threefolds that do not have a sim-
ple description in terms of 4D reflexive polyhedra are not hypersurfaces in 4D toric
varieties; they can only be embedded in a higher co-dimension. Every Calabi-Yau
manifold can be embedded in some toric variety; just not necessarily codimension
one. Sometimes, it is necessary to have two or three constraining equations; or more
equations than co-dimensions.
This algorithm could also be used to capture 5 dimensional reflexive polytopes;
and, hence, construct 4D reflexive polytopes. Everything that we wrote above could
be generalized to five dimensions (except the “further refinement” that appears in
the paragraph preceding the “Conclusions”). Unfortunately, it is not computation-
ally tractable. Preliminary estimates are that there are order 1020 five dimensional
reflexive polytopes; and it would not be possible to store them all even if one could
compute them. By contrast, it is feasible to store the 4D reflexive polytopes: when
stripped of all ancillary data, the 500M 4D reflexive polytopes take ∼10 GB of space.
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Computational Methods
We now proceed to discuss the computational algorithm of obtaining the elliptic
fibrations of a Calabi Yau three-fold that occur over a given base B. We will restrict
ourselves to fibrations that are flat (i.e. having constant fiber dimension).
We can describe closed hypersurfaces in complex projective space Pn by taking the
vanishing set of homogenous polynomials. By analogy, if we view points in a toric va-
riety in their homogenous coordinates (z1, ..., zn), we can obtain closed hypersurfaces
by taking the vanishing sets of the relevant polynomials in the zi.
If ∆ is a reflexive polynomial and Σ a fan (obtained from lattice triangulation of
the faces of ∆), then the set of zeros of this polynomial will describe a Calabi-Yau
hypersurface in the variety VΣ:
p = Σx∈∆0∩McxΠ
n
k=1z
<vk,x>+1
k
where vk are the generators of the one-dimensional cones of Σ (or, seen another
way, they are the lattice points in the triangulation of ∆).
Suppose ∆ is a reflexive polytope on a lattice N ; and call Σ the fan obtained from
a triangulation of ∆. Suppose there is a n′-dimensional linear subspace Nfiber of N
such that Nfiber ∩ ∆ is an n′-dimensional reflexive polytope containing 0 as its sole
interior point. This gives rise to an exact sequence:
0→ Nfiber → N → Nbase
If the image of Σbase of Σ in the lattice Nbase is a fan, then this sequence yields
a fibration of VΣ, the toric variety arising from the fan Σ. The generic fiber will
correspond to the polytope Nfiber ∩∆; and the base will be given by Σbase.
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For a three dimensional Calabi-Yau, the generic fiber is going to be a two-torus
T 2; however, the fiber is not everywhere a two-torus because then it would simply be
a torus bundle. The fiber degenerates somewhere–and this is precisely what makes it
interesting to examine.
The place where it degenerates is given by its discriminant: {δ ≡ 4a3 + 27b2 =
0} ⊂ B. The base is 2 dimensional so the discriminant is a 1 dimensional entity inside
the base.
As we know, co-dimension one fibers were completely classified by Kodaira. By
looking at the order of vanishing of a, b, δ, we can read off–using Tate’s algorithm–
which kind of degeneration takes place. There is a discrete range of possibilities and
they are amenable to computational analysis.
Co-dimension two and higher degenerations are thornier but very important be-
cause, for instance, they give rise to matter in F-theory compactification. They are
classified under certain conditions (pace [Mi83]) and we know that for 6D theories,
anomaly cancellation imposes strong constraints; but there is no comprehensive pic-
ture of higher-codimension fibers.
Fortunately, we have access to a large class of Calabi-Yau three folds via the
Kreuzer-Skarke database. These are Calabi-Yau manifolds that can be realized as
hypersurfaces in toric varieties of one higher dimension. (There are many well-known
Calabi-Yau threefolds that do not satisfy this criterion.) We will use this database
to construct smooth elliptic fibrations and see what can be said about co-dimension
two singularities.
We begin with the points of our four-dimensional reflexive polytope which we
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retrieve from the Kreuzer-Skarke database. We want to have an elliptic fibration; but
the elliptic fiber is never toric. Thus, we proceed to look at fibrations that have a
two dimensional toric fiber over a two-dimensional base such that the hypersurface
equation cuts out the elliptic curve in the fiber. (The elliptic curve itself is not the
toric variety.)
In any dimension, we can list the d dimensional fiber by iterating over all linearly
independent d-tuples of lattice points of the total space. These points will define
a lattice d-place. We can compute the intersection of this plane with the ambient
polytope. A sufficient condition for a fibration is that all the vertices be integral. We
can improve this algorithm by recognizing that we can require the d vertices of the
fiber to lie on the same facet of the polytope. That is, it is sufficient to iterate over
d-tuples that simultaneously satisfy one of the ambient inequalities defined by the
facet.
Fibrations can be seen on the level of the polytope: we have a projection φ : Z4 →
Z2 whose kernal (fiber) must be a reflexive polygon. The fibration is just a map of
the lattice that maps the polygon to a shadow under a projection. Thus, on the most
coarse level, the fibration can be seen with the polytope: we have a map and the
kernal of this map is a reflexive polygon.
However, the fibration that one sees on the level of the polytope doesn’t tell us
what the base is; the base still has some freedom so it is still not uniquely defined.
This is because if we are given a fibration, we can compose it with a blow up of the
base to get to get a fibration over the blow-down base.
We are interested in fibrations that are flat (everywhere two-dimensional); this
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allows us to dispense with some of this freedom with blowing up the base and ignore
cases where the fiber dimension jumps. Following [Br11], a necessary and sufficient
criterion for a flat fibration is that every primitive cone of the domain fan maps
bijectively to its image cone. For a polytope P , we demand that the rays of the base
fan be images of the rays of the total space fan.
We additionally require that the Calabi-Yau hypersurface be smooth. As a result,
we need to take the face fan of our reflexive 4D polytope and perform a subdivision
on it such that integral points not interior to facets span a ray. There is a canon-
ical subdivision of the fan, though; and by employing it, one can cut down a four
dimensional fan into a subdivided fan that fibers over the given base. Thus, to ensure
that the Calabi-Yau is smooth, we have to subdivide cones to make sure every cone
projects to a cone of our base.
We know that the fan of our toric base B will be determined by its rays. Let’s take
a look at how the base of the Hirzebruch is defined. Hirzebruch studied the surfaces
Σn for n ≥ 0 that are given by the equation x1yn1 = x2yn2 in CP2 × CP1 [Te99]. He
showed that analytically, these surfaces are mutually non-isomorphic; but, by virtue
of being S2-bundles over S2, they belong to only two homeomorphism classes. He
also showed that they are all birationally equivalent. A more modern definition of the
Hirzebruch surface is as follows: the n-th Hirzebruch surface Fn is the projectivization
of the vector bundle OCP1(n)
⊕
OCP1 . Any CP1-bundle over CP1 is some Fn.
If we call σ a holomorphic section of OCP1(n) and let E0 ⊂ Fn be the image of
the section (σ, 1), then the curve E0 is referred to as the zero section of Fk. The
zero sections define a divisor class that is independent of the choice of σ because all
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zero sections are homogenous. If we let C be a fiber of Fn, the Picard group of Fn is
generated by C and E0 where E
2
0 = n,C
2 = 0 and E0 ·C = 1. These generators have
intersection matrix:
M =
0 1
1 −n

The bilinear form is 2 dimensional unimodular. It is odd when n is odd and even
otherwise.
We denote F0 as the quadric surface CP1 × CP1. F1 is the blow-up of the plane
CP2. For any n ≥ 0, the Hirzebruch surface Fn will have a unique and irreducible
curve of negative self-intersection −n which is a section of the bundle. It is called the
negative section or section at infinity and denoted E∞. This curve can be contracted
to an isolated normal singularity, yielding a normal surface that is a cone over the
rational normal curve of degree n. The zero section is always disjoint to the negative
section.
In homogenous coordinates xi, the Hirzebruch surface Fn is given by F1 = {[x0 :
x1 : x2 : x3]|(x0, x1) 6= (0, 0), (x2, x3) 6= (0, 0)} subject to homogenous rescalings
[x0 : x1 : x2 : x3] = [µx0 : µx1 : µ
nx2 : x3] = [x0 : x1 : νx2 : νx3]∀µν ∈ C∗
These homogenous scalings correspond to linear relations between generators. If
~xi is the primitive lattice vector generating the ray corresponding to xi, a basis for
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the linear relations is
~x2 + ~x3 = 0
~x0 + ~x1 + n~x2 = 0
We can recast the second equality as ~x0 + ~x1 + ~x2 + ~x3 = −n~x2. This will become
useful in our analysis below.
In the following, we describe only the code that goes into capturing the bases. We
encode the Hirzebruch surface F1 below (explanations follow; code may have been
reformatted to fit the page):
rays = polyhedron.base_rays(fiber, points)
n = 1
g = vector([12, 12])
if len(rays) != 4: return False
if 0 in rays: return False
A = False
for x in rays:
for y in rays:
if x + y == 0:
A = True
g = x
if A == False: return False
if sum(rays) != n * g and
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sum(rays) != -1 * n * g: return False
SubsetOfRays = [rays[0],rays[1],rays[2],rays[3]]
SubsetOfRays.remove(g)
SubsetOfRays.remove(-g)
v0, v1 = SubsetOfRays
if abs(matrix(ZZ, [g, v0]).det()) != 1: return False
if abs(matrix(ZZ, [-g, v0]).det()) != 1: return False
if abs(matrix(ZZ, [g, v1]).det()) != 1: return False
if abs(matrix(ZZ, [-g, v1]).det()) != 1: return False
return True
This yields our base F1
Here is how the algorithm above works:
• points are the elements of the polytope; and fiber are the elements of the
fibration which can be determined by the procedure discussed above.
• n, g are provisional variables whose significance will become apparent in a mo-
ment. For F1, n has been set to 1.
• We determine the cardinality of the set rays. If it has more than 4 elements, it
is not a candidate for being a fibration over F1. return False simply means
that we escape the function.
• A is a provisional Boolean variable that we set to False.
18
Figure 4: Fan Plot of F1
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• We iterate over the elements of rays to check if any two of them sum to 0. If
they do, we set A to True. If A remains False, we escape the function and
dismiss this polytope.
• Now we check if the second of our linear relations is satisfied. That is, for Fn, we
require the sum of all of the rays to be −n~x2. We do not know if g corresponds
to ~x2 or ~x3 so we check if either equality is satisfied. If the sum of all the rays
is neither ng nor −ng, then we dismiss this polytope.
• This way of capturing the Hirzebruchs allows us to avoid assessing all the dif-
ferent permutations of elements in our base. That is, we do not just assume
that the first element of our set of rays will be ~x0, the second ~x1, etc.; and then
iterate over all permutations.
• Finally, we check that the four cones < x0, x2 >, < x0, x3 >, < x1, x2 >,
< x1, x3 > are unimodular.
For reference, here is how we would encode the base CP 1 × CP 1
g = vector([12, 12])
if len(rays) != 4: return False
if 0 in rays: return False
Austin = False
for x in rays:
for y in rays:
if x + y == 0:
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A = True
g = x
if A == False: return False
SubsetOfRays = [rays[0],rays[1],rays[2],rays[3]]
SubsetOfRays.remove(g)
SubsetOfRays.remove(-g)
v0, v1 = SubsetOfRays
if v0 + v1 != 0: return False
if abs(matrix(ZZ, [g, v0]).det()) != 1: return False
if abs(matrix(ZZ, [-g, v0]).det()) != 1: return False
if abs(matrix(ZZ, [g, v1]).det()) != 1: return False
if abs(matrix(ZZ, [-g, v1]).det()) != 1: return False
return True
Here, as before, we search within the set of rays for two which sum to zero. Then
we require that the remaining two sum to zero; and that the cones be unimodular.
For the base CP 2 [Br11], the entire algorithm takes about two weeks to run and
produces exactly 102581 flat toric elliptic fibrations. Those are fibrations modulo
automorphisms; the total number of fibrations is much greater.
For F1, we are finding that we are producing about 5.4M flat toric elliptic fibra-
tions. The reason for the large size relative to CP2 is that F1 does not have the same
symmetry group so there are fewer automorphisms to mod out. There is an intuition
that the larger the base, the more difficult it is to make them “fit” into the polytope.
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While F1 is larger in a sense than CP 2, it does not have the rotational symmetry of
CP 2 so it yields more fibrations. The algorithm for F1 takes longer than it did for
CP 2 and again this is attributable to the fact that there is less symmetry in the case
of F1 so there are many more fibers to print.
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Polytopes Appendix I
Let M be a minimum polytope that is the convex hull of (V1, ..., Vk) in Qn. We
wish to show that it is either a simplex or contains an n′ dimensional minimum
polytope M ′ that is the convex hull of the first k′ vertices (V1, ..., Vk′).
If M is a simplex, we’re done. If not, let’s denote as a “good” simplex one that can
be obtained by taking the convex hull of a subset of (V1, ..., Vk); and which still has 0
in its interior. Let’s consider the set of all good simplices consisting of vertices of M .
Any subset of this set will define a lower dimensional minimal polytope. Choose one
which we denote M ′ with the maximal dimension n′ smaller than n. The remaining
vertices define a polytope Mn−n′ . Mn−n′ must be a simplex for otherwise it would
contain a minimal polytope of dimension smaller than n−n′ which would violate our
assumption.
Minimality dictates that each of the n − n′ + 1 vertices of Mn−n′ can have only
one representative in Qn. The equivalence class of 0 can be described uniquely as a
positive linear combination of these vertices. Thus, we have a vector in Qn′ that can
be written as a negative linear combination of ≤ n′ linearly independent vertices of
M ′.
Polytopes Appendix II
We can construct a weight system algorithmically as follows. Let Γ ' Zn be a
lattice. Suppose that a weight system q1, ..., ql allows a collection of points x
i. Without
loss of generality, we will let the interior point to be ~1 = (1, ..., 1). If these points
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satisfy an equation of the form
∑l
i=1 aix
i = 1 for some ~a 6= ~q, then the weight system
must admit at least one
∑l
i=1 aix
i > 1 and
∑l
i=1 aix
i < 1 to guarantee that ~1 is in
the interior. Employing
∑l
i=1 aix
i < 1, unless the weight system is ~q = (1
l
, 1
l
, ..., 1
l
),
there must be at least one point with
∑l
i=1 x
i < l. For l ≤ 5, the possibilities are
easily enumerable (with the aid of a computer).
Polytopes Appendix III
We wish to show that for n ≤ 4, the maximal Newton polyhedra with the interior
point property are reflexive. We begin by considering a collection of points in a
maximal Newton polyhedron ∆maximum spanning a hyperplane at a distance ≥ 2 from
the origin. We can take the points on this hyperplane to define the base of a pyramid
whose peak is at the interior point.
If the pyramid here has height h ≥ 2, we can define a new hyperplane formed by
those points that lie a distance 2h from the single interior point. This new hyperplane
forms the base of a new pyramid P ′ that has the same shape as the previous pyramid
P but twice the height.
P ′ lies in ∆′maximum ⊆ {x ∈ Γn : xi ≥ −1} where Γ ' Zn is a lattice. Without loss
of generality, we set the interior point equal to ~1 = (1, ..., 1). Because only the base
of P ′ is allowed to intersect with the boundary of ∆′maximum, integer points of P
′ not
in the base must have non-negative coordinates. These points must be in P (since P
and P ′ have the same shape, just different heights).
We can show, however, that P ′ must contain integer lattice points that are neither
in P nor in the base of P ′: Suppose the base of P is a simplex in Z3. (If not,
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triangulate the base and pick a simplex.) P ′ has the same shape so its base should
also be a simplex. Let’s label the vertices of P ′ as 0, 2~e1, 2~e2, 2~e3. If P
′ has height
h, its peak will have coordinates ~p = (2x, 2y, 2z, 2h)T . Thus, all points in P ′ can be
parametrized as: λ~e1 + µ~e2 + ν~e3 + ρ~p with λ, µ, ν, ρ ≥ 0 and λ + µ + ν + ρ ≤ 1.
Suppose we have coordinates x′ = x mod h, y′ = y mod h, z′ = z mod h. Then the
points 1
2h
(x′, y′, z′, h− 1) and 1
2h
(h− x′, h− y′, h− z′, 1) are integer points at heights
h − 1 and 1, respectively. At least one of them must satisfy the requirement that
λ + µ + ν + ρ ≤ 1. Thus, at least one of these points must be in P ′ and due to its
height, it cannot be in P nor the base of P ′.
Continuing, we can conclude that the base of P is not a bounding hyperplane
of ∆maximum. Thus, every bounding hyperplane must be at a distance of 1, which is
to say that ∆maximum must be reflexive. This result extends naturally to maximal
Newton polyhedra defined by several weight systems, not just a single weight system.
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2 Introduction to F-Theory
In this section, we briefly introduce the basic ideas in F-Theory from a formal and phe-
nomenological perspective. We seek to obtain a fundamental description of particle
and gravitational interactions in 4 dimensions through string theory. Our objective
is to understand the mathematics behind string vacua and their implications for cos-
mology and particle physics. We follow the approaches suggested by some of the
pedagogical references mentioned in the bibliography.
In the context of perturbative 4D string theory, both Type II orientifolds with
D-branes as well as heterotic string theory are very compelling. Perturbative Type
II orientifolds with D-branes are contructed from gauge groups SO(N), U(N) and
Sp(2N). Although Grand Unified Theories (GUTs) remain a challenge, these the-
ories have the virtue of being able to accommodate Standard Model Gauge groups.
Heterotic strings, on the other hand, take advantage of gauge symmetry; and insert
the Standard Model gauge group into these theories in a way that gives rise to GUTs.
These theories can be studied in different sectors of the moduli space using methods
like Calabi-Yau compactifications with vector bundles or heterotic orbifolds. The
accompanying 4D theories depend on the global nature of the compactification space.
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When we look at finite values of the string coupling gs, differences between the
phenomenological properties of the brane and heterotic constructions dissolve. With
very few exceptions, gs varies over the compactification space and enters the non-
perturbative regime.
Enter F-Theory. F-Theory first appeared in 1996 during the second string revolu-
tion out of Type IIB compactifications with 7-branes. F-theory renders geometric the
backreaction of 7-branes on the ambient space. The 4D solutions of F-theory have
a rich and beautiful phenomenological structure. At strong couping, new degrees of
freedom–the so-called (p, q) strings–realize gauge symmetries even though this is a
theory based on branes. The tension between exceptional gauge symmetry and lo-
calized gauge degrees of freedom is dissolved. Moreover, like Type IIB orientifolds
and M-theory, F-theory exhibits moduli stabilization. Kahler and complex structure
moduli are stabilized in the context of warped Calabi-Yau compactifications because
of the background fluxes and 3-brane instaton effects. There is reason to believe that
F-theory allows us to discover more of the string landscape than any other string
theory!
Whereas M-theory can be pictured as an 11-dimensional supergravity coupled
to membranes, F-theory cannot be described in this manner. F-theory is a non-
perturbative depiction of a class of string vacua that can be reached in three different
wings from M-theory. Namely, F-theory can be seen as a Type IIB theory with 7-
branes and a dilaton; dual to M-theory on a vanishing two-torus; and dual to E8×E8
heterotic theory.
Let us begin by examining F-theory as a Type IIB orientifold with 7-branes.
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Type IIB supergravity has N = 2 supersymmetry in 10 dimensions (32 supersymme-
try generators). In discussing Type II orientifolds with D-branes, the backreaction
of the branes on the orientifold geometry is disregarded. (This so-called “probe-
approximation” is appropriate because we are asymptotically away from the brane.)
Begin by considering a p-brane in 10 dimensions. These branes stand for a source
term in n = 9 − p spatial directions. If the co-dimension of the branes n > 2, in
Type II supergravity the BPS solutions for a stack of N p-branes along directions
µ = 0, 1, ..., p, p ≤ 7 take the form:
ds2 = H−1/2p nµνdx
µdxν +H1/2p Σidx
idxi (1)
e2φ = e2φ0H
3−p
2
p (2)
Cp+1 =
H−1p − 1
eφ0
dx0 ∧ · · · ∧ dxp (3)
Hp = 1 +
rp
r
(
7− p) (4)
r7−pp = Ae
φ0N (5)
In the equations above, φ is the ten-dimensional dilaton; Cp+1 is the Ramond-
Ramond (p+ 1)-form potential which couples electrically to the p-brane.
The harmonic function Hp dictates that backreaction. e
φ0 is the asymptotic value
of eφ and represents the value of the string coupling constant gs in a large volume
limit. A is a constant.
If the co-dimension of the brane n = 2, we arrive at Type IIB theory with D7-
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branes. These D7 branes resemble the so-called cosmic strings: a charged point
particle that is localized in the normal directions. Take note that unlike solutions for
lower dimensional branes which have more phenomenologically friendly asymptotics,
solutions to the 2D poisson equation scale logarithmically with distance to the source.
The complex axio dilaton is
τ = C0 +
i
gs
(6)
C8 is the Ramond-Ramond field sourced electrically by a D7-brane; its dual is the
axion C9 which combines with the string coupling gs = e
φ.
Close to the brane at z = z0, we can write:
τ(z) = τ0 +
1
2πi
log(z − z0) + . . . (7)
eliding possible regular terms in z. At z = z0, the coupling gs → 0. This is
because in the Einstein frame, 7-brane gauge coupling does not depend on gs; and, in
the case of compactifications to 4 dimensions, is given to leading order by the volume
of the internal 4-cycle wrapped by the brane.
We can still locate a region where the backreaction of the brane is negligible even
though the deficit angle remains non-zero at infinity. We can re-cast the solution
above as:
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τ(z) =
1
2πi
ln
z − z0
λ
(8)
e−φ = 1
1
2π
ln |z − z0
λ
| (9)
near the base. When z − z0 = λ, we find gs = eφ → ∞. This special point
disrupts the rotational invariance around the source and suggets a backreaction. In
the regime |z − z0| << |λ|, though, the geometry is nearly flat. Here we find an
analogue of the large distance limit with negligible backreaction from p-branes for
p < 7. The limit of weak coupling occurs when λ → ∞; that is, the region is large
enough that supergravity takes over.
While this solution for τ is only applicable close to the brane, it gives some insight
into how the background shows a logarithmic branch cut in the complex plane normal
to the D7-brane. Asymptotically away from the brane, we find that spacetime suffers
a deficit angle despite being locally flat. In this regime, the probe approach is not
applicable.
In general, τ takes values of order 1 and larger in regions of the compactification
manifold. Near an orientifold plane, which carries -4 units of C8 charge, τ will get
sizable string-related corrections.
Let’s consider the situation where an appropriate number of O7-branes and D7-
branes lie on top of one another, making all 7-brane charges cancel locally. This
makes gs be constant throughout the compactification manifold. As long as there
are no fluxes or other stabilizing effects, we can choose the perturbation window to
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be gs << 1. Thus, backgrounds with varying axio-dilatons are required to obtain a
generic configuration with 7-branes.
Monodromies arise from the 7-brane backreaction. In the case of the solution of
τ above, the resulting monodromy implies that as we circle the location of the D7-
brane in the z-plane, the axio-dilaton is transformed from τ → τ + 1. Thankfully,
Type IIB is invariant under SL(2,Z) transformations; which the background solution
intelligible.
If we transform the string frame Type IIB effective action into the Einstein frame,
the Type IIB action acquires SL(2,R) invariance:
τ → aτ + b
cτ + d
(10)
N.B., C4 is invariant through these transformations. We break this symmetry
to SL(2,Z) in the non-perturbative regime because the instanton effects require a
e2πiτ -factor.
Invariance under transformation
M =
 1 b
0 1

which sends C0 : C0 + b will restrict b ∈ Z, breaking the group symmetry. Thus,
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when a D7-brane is circled, the background transforms by action
T =
 1 1
0 1

The monodromy action is rendered a theory symmetry.
There are entities more foreign and compelling than D7 branes that admit no
interpretation in peturbation theory. These new entities are [p, q]-branes and the ac-
companying (p, q)T strings. The Polyakov worldsheet action tells us that the funda-
mental superstring is charged electrically under the NS-NS (Neveu-Schwarz) B2-field.
The D1 string is charged electrically under C2; its coupling to C2 is nothing other
than the Chern-Simmons action. It is natural to combine the F1 and D1 strings
into an SL(2,Z) doublet, consisting of an F1 string represented as the vector (1, 0)T
and a D1 string captured as vector (0, 1)T . In general, a (p, q)T string has p-units of
electric B2 charge and q units of electric C2-charge. In perturbative IIB theories, the
F1 string is the fundamental object and the D1 string is a solitonic, non-perturbative
object.
F-theory relies critically on the result showing a correspondence bewteen the
SL(2,Z) symmetry of 10-dimensional Type IIB supergravity and the SL(2,Z) -action
on the complex two torus. In parallel to the transformations of τ discussed above,
we can view the axio-dilaton as the complex structure of non-existent elliptic curves.
We model the changes in τ around 7-branes as changes in the complex structure of
an elliptic curve transver seo the 7-brane. This is precisely the machinery of elliptic
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fibrations. The strength of the axio-dilaton variation due to the backreaction of the
branes is captured by fibration.
From the geometry of an (n + 1)-fold Yn+1 that is elliptically fibered over a base
Bn, we can obtain the physics of Type IIB orientifold compactifications with 7-branes
on a complex n-fold Bn. The elliptic fiber accounts for variation in τ ; it’s not actually
part of the physical spacetime. As discussed in our solution for τ , at the brane z = z0
the axio-dilaton diverges. The complex structure of an elliptic curve diverging is
evidence of a one-cycle and a concomitant degeneration of the elliptic curve. In other
words, the degeneration locus of the elliptic curve indicates a 7-brane.
M-theory duality brings constraints on the allowed elliptic fibrations. To begin,
conservation of N = 1 SUSY requires that the space Yn+1 be Calabi-Yau (Ricci-
flat for present purposes). Further, we are only permitted to consider the limit of
vanishing elliptic fibers.
Compactification of Type IIB orientifolds to 8 dimensions requires F-theory on a
CY 2-fold, namely K3. Compactification of an orientifold to 6 dimensions requires a
CY 3-fold Y3. The most physically interesting example, of course, is compactification
on an elliptically fibered 4-fold Y4. By duality, this would yield Type IIB orientifolds
compactified to 4 dimensions on the 4-fold B3.
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2.1 Elliptic Fibrations
We pivot for a moment to examine elliptic fibrations. We begin by discussing elliptic
curves. The simplest way to describe an elliptic curve is as a complete intersection
of a weighted projective space. Consider, for the moment, weighted projective space
P2,3,1 which is spanned by homogenous coordinates
(x, y, z) ' (λ2x, λ3y, λz), (x, y, z) ∈ C3, λ ⊂ C∗ (11)
This is a 3-complex dimensional space reduced to a 2-complex dimensional space
by the homogenous scaling relation. An elliptic curve is a flat, 1-complex dimensional
entity (CY 1-fold); and can therefore be denoted by a hypersurface cut out by the
vanishing locus of a degree 6 homogenous polynomial (in (x, y, z) scaled by λ.)
We are employing the result that a hypersurface in weighted projective space is
Ricci-flat whenever the sum of the degrees of the homogenous coordinates equals the
degree of the defining polynomial.
We can bring this polynomial into Weierstrass form:
Pw = y
2 − x3 − fxz4 − gz6 (12)
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Complex parameters f, g tell us the form of the elliptic curve.
Recall that F-theory has the elegant property that the geometry encoded in the
elliptic fibrations tells us about the physics of the 7-branes. The hypersurface equation
Pw = 0 is singular when Pw = 0 and the tangent space dPw = 0.
It is straightforward to compute how these requirements impact the Weierstrass
curve. We set z = 1, using the scaling relations to go to inhomogenous coordinates.
This yields:
y = 0 (13)
−x3 − fx− g = (x− a1)(x− a2)(x− a3) = 0 (14)
(x− a1)(x− a2) + (x− a2)(x− a3) + (x− a1)(x− a3) = 0 (15)
with a1, a2, a3 being the complete set of complex roots of the cubic polynomial
−(x3 + fx+ g). For the three equations above to be consistent, at least two or more
of these roots must overlap. The discrimant locus ∆ will vanish if and only if at least
two roots overlap. While the general form of ∆ is very intricate, in Weierstrass form
it reduces to:
∆ = 4f 3 + 27g2 (16)
Thus, the structure of the elliptic curve depends on f and g.
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We can exploit the fact that the axio-dilaton τ experiences SL(2,Z) monodromies
to allow us to employ Jacobi j-invariants, which are SL(2,Z) invariant. This will
produce an isomorphism from the domain of SL(2,Z) to the Riemann sphere.
The q-expansion of j when captured as a Laurent series in q = e2πiτ is
j(τ) =
1
q
+ 744 + 196884q + 21493760q2 + 864299970q3 + ... (17)
In the case of an elliptic curve in Weierstrass form, we have
j(τ) =
4(24f)3
∆
(18)
Let Bn be an n-complex dimensional manifold with local coordinates ui. Let’s
allow the constants f, g to be variables of these local coordinates:
f = f(ui) (19)
g = f(ui) (20)
Using a result from mathematics, every elliptic fibration with a section can be
captured by a Weierstrass model with varying f, g.
Using the expression for the j-invariant, the complex structure τ depends on base
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coordinates ui. The elliptic fiber will degenerate on a codimension one sublocus of
the base Bn which depends on the vanishing of the discriminant. Thus, the vanishing
locus should be seen as a divisor wrapped by several 7-branes.
If we allow ∆ to vanish to order N along divisor S on Bn defined by w = 0, then
our two expressions for the j-invariant above suggest that
τ ' N
2πi
ln(w) (21)
in directions normal to the divisor (up to regular terms). This is precisely the
effect expected for N overlapping 7-branes.
Let’s examine the Calabi-Yau requirement more carefully. The first Chern class
of an elliptic fibration Yn+1 is related to the first Chern class of the base space Bn as
well as the degeneration locus of the fibration as follows:
c1(TYn1 ) ' π
∗(c1(TBn)− Σi
δi
12
[Γi]) (22)
δi = O(∆)|Γi (23)
We allow
π : Yn+1 → Bn (24)
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to describe the projection from the fibration to the base. The accompanying
pullback map:
π∗ : H2(Bn,Z)→ H2(Yn+1,Z) (25)
We require the discriminant ∆ to vanish to order δi on divisors Γi on the base.
The Calabi-Yau requirement on Yn+1 demands that Bn acquire positive curvature in
such a way as to compensate for the fiber degenerations.
Because the discriminant locus captures the positions of the 7-branes, the total
amount of 7-branes is limited by the requirement
Σiδi[Γi] = 12c1(TBn) (26)
which reflects curvature on the base space. (Bn is not Calabi-Yau.)
For comparison, examine the 7-brane tadpole cancellation requirement in pertur-
bative Type IIB theory:
ΣiNi[Γi] = 4[O7] (27)
This contrasts how models are built in perturbative Type IIB orientifolds and
F-theory: in the latter, geometry demands the 7-brane consistency conditions.
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The degrees that f, g are allowed to take on in a Weierstrass model are also
limited from a purely mathematical perspective. The anti-canonical class of Σiδi[Γi]
depends on class of ∆; so we can conclude that [∆] = 12c1(TBn). Since we know that
∆ = 4f 3 + 27g2, the anti-canonical classes of f, g are straightforward to obtain. f, g
are sections of a line bundle L and not globally defined functions of the base space.
If we call the canonical bundle KBn whose first Chern class is c1(KBn) = −c1(TBn),
then f must be a section of K−4Bn and g a section of K
−6
Bn
.
x, y, meanwhile, are compelled by the homogeneity of the Weierstrass polynomial
to transform as sections of the base.
x ∈ H0(Bn, K−2Bn) (28)
y ∈ H0(Bn, K−3Bn) (29)
z ∈ H0(Bn, ′) (30)
f ∈ H0(Bn, K−4Bn) (31)
g ∈ H0(Bn, K−6Bn) (32)
As an initial example, we examine the surface K3 as an elliptic fibration over the
base B1 = P1. Let P1 have coordinates [u0, u1]. Using the Riemann-Roch theorem,
χ = 2− 2g =
∫
P1
c1(KP1) (33)
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we get that the first Chern class of KP1 is c1(KP1) = −2t.
Generally, a section of the line bundleO(−n) is a degree n homogenous polynomial
in the homogenous coordinates. Here, we are using notation KP1 = O(−2).
Altogether, we get the following scaling relation:
(u0, u1;x, y, z) ' (u0, u1, λ2x, λ3y, λz) ' (µu0, µu1;µ4x, µ6y, z) (34)
Consequently, ∆ is a degree-24 polynomial on the base. Its 24 zeroes encode the
location of the 24 compactifying 7-branes in Type IIB theory on P1.
Some of these 24 branes may not represent perturbative D7-branes. A subtle point
is that the tadpoles are cancelled locally by collected the 24 branes into stacks of six
branes so that each stack represents 4 D7-branes.
Gauge symmetries
Since we are physically most interested in the 7-branes wrapping the divisor,
the critical information from an elliptic fibration are the locus and the type of fiber
degeneration. Kodaira classified for co-dimension one singularities how the complex
structure of the elliptic fiber can degenerate.
We begin with a Weierstrass model Yn+1. The most straightforward type of de-
generation where the fiber is rendered singular is the I1 singularity; this appears just
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over a single 7-brane in the fiber. I1 singularities appear in a Weierstrass model when
∆ develops a simple 0 and f, g are non-zero. This is a case where two of the cubic
overlap. The simple zero in ∆ gives rise to the logarithmic character of the dilaton
discussed earlier.
However, if ∆ vanishes to higher order, then Yn+1 will also manifest a singularity
as a manifold. Consider, for a moment, the case when Y2 = K3. Here, the singularities
are captured by the ADE table. When considering spaces of higher dimension, we
must take account of monodromies along the brane. These may give rise to other
singularities.
Tate models
Tate produced an algorithm that allows one to identify the singularity structure
of an elliptic fibration. To employ it, it is necessary to deploy a coordinate transfor-
mation that sends the Weierstrass constraint Pw = 0 into the Tate form:
Pw = x
3 − y2 + xyza1 + x2z2a2 + yz3a3 + xz4a4 + z6a6 = 0 (35)
We will set z = 1, confining ourselves to the inhomogenous Tate form. The an(ui)
are dependent on the coordinates of the base B; they contain the discriminant locus
∆ of the elliptic fiber. We can backtransform to the Weierstrass model by employing
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this coordinate redefinition:
β2 = a
2
1 + 4a2 (36)
β4 = a1a3 + 2a4 (37)
β6 = a
2
3 + 4a6 (38)
This produces:
f = − 1
48
(β22 − 24β4) (39)
g = − 1
864
(−β32 + 36β2b4 − 216β6) (40)
The discriminant locus ∆ then becomes:
∆ = −1
4
β22(β2β6 − β24)− 8β34 − 27β26 + 9β2β4β6 (41)
The discriminant ∆ factors, with each term signifying the location of a 7-brane
divisor on the base B3. The order of vanishing of f, g,∆ together with the Kodaira
classification table gives the exact gauge group.
Remember that in all cases, the elliptic fibration with section can be cast as
a Weierstrass model. Some of these, models, though can be put into Tate form
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globally–not just locally around the discriminant locus. Every global Tate model,
of course, defines a Weierstrass model; but it’s not the case that every Weierstrass
defines a Tate model because the transformation from f, g to ai involve branch cuts.
Models that are ready-made in the Tate-form are especially convenient to work
with because we can dispense with the task of putting the Weierstrass polynomial
into Tate form. These models, though, these models are undergirded by the gauge
group E8 and, as such, they don’t demonstrate the most general singularity structure.
Geometric Engineering
Geometric engineering is an algorithm for constructing compact, elliptically fibered
Calabi-Yau fourfolds with a predetermined gauge group and base using toric geome-
try. This can be used to produce four-dimensional N = 1 gauge theories coupled to
gravity.
The approach has been used to construct a GUT whose non-Abelian gauge group
is an SU(5); and whose Abelian gauge group is left unconstrained. (This method is
hence referred to in the physics literature as SU(5)-tops.) The Abelian gauge factors
are not localized in the degenerate fibers; so a complete analysis will depend on the
entire Calabi-Yau space.
With this technique, one can analyze all elliptically fibered Calabi-Yau fourfolds
embedded in toric ambient spaces over a fixed base. If one specifies a gauge group,
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one could, for instance, search over all reflexive polytopes; and then examine all the
resulting Abelian gauge factors.
The approach is restricted to cases where the elliptic fiber is realized as a hyper-
surface inside an ambient space that is toric (although it can be generalized to cases
where this constraint is lifted). For a 4D Calabi-Yau manifold, this means there are
16 possibilities for the fiber ambient space corresponding to the 16 classes of reflexive
two-dimensional polytopes. With the fiber ambient space fixed, we can then clas-
sify all toric sections in the associated elliptically fibered manifold, which form the
resulting toric Mordell-Weil group and which determine the number of U(1) factors
required in the four-dimensional theory. This will reveal allowed U(1) symmetries,
but a complete model would also demand that we indicate the non-Abelian gauge
symmetry and the base of the fibration; and this may yield non-toric sections.
With the fiber polygon selected, we now move to generating the non-Abelian gauge
group. To achieve this, we must modify the toric ambient space of the elliptic fiber
over the 7-brane divisor in the base. Resolving the non-Abelian singularity will give
rise to the Calabi-Yau hypersurface.
The toric data will be captured in the “top”, which is the pre-image of a base ray
in a toric morphisms where the Calabi-Yau hypersurface is a genus-1 fibration. The
preimage is a lattice polytope for which one facet, the kernal of the projection, passes
through the origin. For each gauge group, there is a fixed and finite number of tops.
Consider, for instance, an elliptically fibered K3 as a hypersurface in a 3D toric
variety. Projecting to the P1 fan splits the associated 3D reflexive polytope (one
of 4319 possibilities) into two “tops”. The top will determine the form of the toric
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variety over the base divisor indicated by the base ray. Although not every local
Kodaira fiber appears in a compact elliptic fibration, generally the top is used to
construct a local Kodaira fiber. In particular, all SU(5) tops appear in elliptic K3
fibrations.
Now that we have selected the gauge group and fixed a particular top, we can
determine the toric U(1) charges and constrain the U(1) charges of the matter fields.
This naturally leads to an algorithm to construct all reflexive polytope with a desired
top and base manifold. We are interested in flat F-theory compactifications so as
to avoid tensionless strings and the resulting infinite tower of massless fields in the
low energy effective gauge theory. Demanding that the codimension fibers in the
base be flat (i.e. have constant fiber dimension) creates constraints on the reflexive
polytope that gives rise to the CY manifold. Flatness eliminates certain tops and
certain combinations of tops and base manifolds.
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3 Flat Toric Elliptic Fibrations over F1 and F12
In recent years, there’s been considerable interest in doing explicit computations over
Calabi-Yau manifolds. Calabi-Yau’s are very abstract and not always amenable to
direct computation but vis-à-vis the Kreuzer-Skarke database, we have access to a
plethora of smooth Calabi-Yau’s. We computed the flat toric elliptic fibrations over
the Hirzebruch surfaces F1 and F12 that appear as hypersurfaces in toric varieties
associated to the 473M reflexive polyhedra. Our fibrations are flat inasmuch as they
have constant fiber dimension.
Altogether, 5,415,109 fibrations were discovered over F1; in contrast with the
102581 fibrations over the base CP 2. Our results were surprising inasmuch as they
are not consistent with the naive intuition that as the base gets larger, the polytopes
that fit on the accompanying base as well as the number of fibrations diminish. In
fact, we found a factor of 50 increase over CP 2.
This is attributable to the fact that for CP 2, the only way to blow up the base is
via a +1-curve– that is, a curve whose self-intersection number is +1. This admits 22
fundamental representations. F1, by contrast, can also be blown up by 0-curves as well
as (-1)-curves. The (-1)-curve, for instance, admits 10 fundamental representations.
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Because of all these additional curves, the base can be blown up in many more different
and exciting combinations.
Fibrations for bases F2 through F11, inclusive, are currently being computed.
Result from them will be forthcoming in a paper that accompanies this thesis. F1
and F12 are particularly interesting insofar as they form the “bookends” of acceptable
bases in F-theory according to the Minimal Model Program. F1 took about 6 months
to run on a cluster of 20 processors in the University of Pennsylvania’s School of Arts
and Sciences; this was substantially longer than the time to compute the fibrations
for CP 2 for the reasons mentioned above. F12 ran considerably faster. In general,
we expect Fi to admit fewer automorphisms for increasing i, resulting in a faster run
time.
Figures 5 and 6 are the so-called Candelas-style plots indicating fiber density by
hodge pair for the bases F1 and F12. In Tables 2 and 3, we enumerate the number
of fibrations by Hodge pair for F1 and F12, respectively. In the next section, we will
pick an entry (a Hodge pair) and show some of what we can do with these results.
We can obtain the degrees of vanishing of the Weierstrass parameters a, b,∆ on the
base, gauge group, gauge algebra and Kodaira singularities. Further analysis, would
allow us to construct heterotic duals or, via geometric engineering [BrGrKe13], tune
specific gauge groups onto our manifold.
All results for all Hirzebruch fibrations will be viewable in a publicly accessible
database. Please check the arXiv for a paper in preparation; and/or:
https://sites.google.com/site/psubbarao/
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Figure 5: Plot of Hodge Numbers (h21, h11) versus log concentration for F1
Figure 6: Plot of Hodge Numbers (h21, h11) versus log concentration for F12
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Table 2: F1 Fibrations By Hodge Pair
h11 h21 # Fibrations
3 63 2
3 66 1
3 69 3
3 72 2
3 75 7
3 78 3
3 81 3
3 84 1
3 87 1
3 99 1
3 103 1
3 111 1
3 115 4
3 119 1
3 127 1
3 131 1
3 243 1
4 42 1
4 48 1
4 52 5
4 54 4
4 56 6
4 58 9
4 59 2
4 60 12
4 61 3
4 62 12
4 63 1
4 64 29
4 65 5
4 66 19
4 67 5
4 68 23
4 69 1
4 70 16
4 71 4
4 72 12
4 73 2
4 74 12
4 76 16
4 77 1
4 78 3
4 80 5
4 82 11
4 84 4
4 86 3
4 88 12
4 90 4
4 94 33
4 96 3
4 98 6
4 100 14
4 102 7
4 104 3
4 106 12
4 110 6
4 112 9
4 114 1
4 116 3
4 118 2
4 122 1
4 124 2
4 130 3
4 136 3
4 148 6
4 154 1
4 166 1
4 178 1
4 202 2
4 214 2
4 226 1
5 40 1
5 41 3
5 44 4
5 45 10
5 46 2
5 47 22
5 49 9
5 50 11
5 51 38
5 52 9
5 53 87
5 54 12
5 55 78
5 56 33
5 57 96
5 58 24
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5 59 129
5 60 17
5 61 85
5 62 42
5 63 77
5 64 14
5 65 108
5 66 3
5 67 53
5 68 19
5 69 50
5 70 8
5 71 51
5 72 13
5 73 24
5 74 9
5 75 47
5 76 6
5 77 54
5 78 6
5 79 26
5 80 2
5 81 56
5 82 18
5 83 38
5 85 96
5 86 5
5 87 44
5 89 49
5 91 26
5 92 4
5 93 54
5 95 32
5 97 31
5 98 3
5 99 11
5 101 31
5 103 13
5 104 3
5 105 17
5 107 9
5 109 10
5 110 4
5 111 4
5 113 1
5 115 11
5 119 11
5 121 2
5 122 1
5 125 3
5 127 13
5 129 1
5 133 9
5 135 4
5 139 4
5 143 1
5 145 3
5 149 1
5 153 1
5 165 3
5 177 3
5 179 3
5 185 6
5 197 3
5 201 2
5 205 1
5 215 2
6 32 1
6 36 8
6 38 4
6 39 10
6 40 10
6 41 1
6 42 86
6 43 11
6 44 67
6 45 46
6 46 204
6 47 43
6 48 261
6 49 75
6 50 396
6 51 123
6 52 305
6 53 87
6 54 476
6 55 110
6 56 298
6 57 109
6 58 337
50
6 59 67
6 60 287
6 61 76
6 62 202
6 63 85
6 64 175
6 65 30
6 66 264
6 67 69
6 68 166
6 69 41
6 70 187
6 71 39
6 72 258
6 73 28
6 74 187
6 75 38
6 76 183
6 77 19
6 78 242
6 79 11
6 80 152
6 81 33
6 82 119
6 83 5
6 84 188
6 85 6
6 86 107
6 87 12
6 88 55
6 89 7
6 90 118
6 91 11
6 92 39
6 93 9
6 94 51
6 95 3
6 96 53
6 97 6
6 98 35
6 99 6
6 100 28
6 101 3
6 102 41
6 103 6
6 104 11
6 106 30
6 108 44
6 109 2
6 110 5
6 112 11
6 114 35
6 116 5
6 117 1
6 118 33
6 120 7
6 122 8
6 124 4
6 126 17
6 128 7
6 132 12
6 138 7
6 144 8
6 148 3
6 152 6
6 156 14
6 160 2
6 162 9
6 164 5
6 168 6
6 174 4
6 176 4
6 180 1
6 182 2
6 184 2
6 186 3
6 192 4
6 204 2
7 31 5
7 33 7
7 34 12
7 35 27
7 36 3
7 37 116
7 38 30
7 39 233
7 40 130
7 41 415
7 42 133
7 43 776
51
7 44 253
7 45 946
7 46 369
7 47 1007
7 48 356
7 49 1146
7 50 358
7 51 903
7 52 410
7 53 864
7 54 317
7 55 927
7 56 263
7 57 699
7 58 280
7 59 697
7 60 237
7 61 672
7 62 175
7 63 596
7 64 185
7 65 581
7 66 129
7 67 755
7 68 113
7 69 414
7 70 121
7 71 546
7 72 97
7 73 454
7 74 80
7 75 367
7 76 56
7 77 330
7 78 50
7 79 350
7 80 52
7 81 175
7 82 40
7 83 138
7 84 36
7 85 208
7 86 15
7 87 118
7 88 24
7 89 106
7 90 16
7 91 135
7 92 12
7 93 74
7 94 15
7 95 65
7 96 7
7 97 98
7 98 3
7 99 62
7 100 11
7 101 62
7 102 5
7 103 79
7 104 8
7 105 23
7 106 1
7 107 50
7 108 1
7 109 10
7 111 30
7 112 1
7 113 28
7 114 2
7 115 33
7 116 4
7 117 15
7 119 2
7 120 6
7 121 5
7 123 12
7 124 4
7 125 7
7 127 39
7 131 15
7 133 12
7 137 15
7 139 16
7 141 3
7 142 4
7 143 14
7 147 5
7 149 4
7 151 27
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7 153 4
7 155 6
7 161 6
7 163 10
7 167 1
7 169 8
7 171 3
7 173 2
7 175 2
7 178 2
7 183 4
7 192 1
7 199 2
8 28 7
8 29 12
8 30 13
8 31 4
8 32 114
8 33 36
8 34 224
8 35 140
8 36 641
8 37 238
8 38 1367
8 39 525
8 40 1786
8 41 883
8 42 2196
8 43 871
8 44 2700
8 45 1037
8 46 2261
8 47 950
8 48 2134
8 49 900
8 50 2264
8 51 792
8 52 1878
8 53 782
8 54 1786
8 55 547
8 56 1691
8 57 541
8 58 1481
8 59 506
8 60 1342
8 61 395
8 62 1287
8 63 348
8 64 1180
8 65 317
8 66 950
8 67 194
8 68 1122
8 69 217
8 70 723
8 71 212
8 72 543
8 73 127
8 74 570
8 75 95
8 76 494
8 77 100
8 78 313
8 79 65
8 80 336
8 81 57
8 82 239
8 83 76
8 84 235
8 85 35
8 86 203
8 87 27
8 88 235
8 89 32
8 90 136
8 91 28
8 92 127
8 93 29
8 94 97
8 95 22
8 96 95
8 97 6
8 98 109
8 99 4
8 100 83
8 101 16
8 102 41
8 103 19
8 104 37
53
8 106 69
8 107 10
8 108 29
8 109 6
8 110 57
8 111 5
8 112 26
8 113 10
8 114 21
8 115 3
8 116 32
8 118 15
8 119 6
8 120 18
8 122 44
8 123 3
8 124 24
8 125 4
8 126 29
8 130 21
8 131 3
8 132 4
8 134 14
8 136 36
8 137 1
8 138 6
8 140 12
8 142 9
8 143 4
8 146 32
8 148 4
8 150 7
8 151 2
8 152 4
8 155 4
8 158 4
8 160 3
8 162 8
8 164 2
8 166 2
8 170 2
8 173 2
8 176 1
8 178 3
8 179 1
8 190 2
9 24 1
9 25 4
9 26 1
9 27 45
9 28 24
9 29 129
9 30 69
9 31 393
9 32 219
9 33 1326
9 34 636
9 35 2262
9 36 1421
9 37 3513
9 38 1758
9 39 4628
9 40 2103
9 41 4649
9 42 2318
9 43 4609
9 44 2058
9 45 4381
9 46 1952
9 47 3744
9 48 1963
9 49 3682
9 50 1434
9 51 3417
9 52 1228
9 53 2905
9 54 1201
9 55 2500
9 56 953
9 57 2748
9 58 765
9 59 2085
9 60 767
9 61 1776
9 62 517
9 63 1842
9 64 455
9 65 1352
9 66 480
9 67 1053
54
9 68 226
9 69 1010
9 70 221
9 71 676
9 72 234
9 73 678
9 74 174
9 75 601
9 76 127
9 77 437
9 78 135
9 79 384
9 80 60
9 81 468
9 82 87
9 83 232
9 84 72
9 85 239
9 86 51
9 87 233
9 88 22
9 89 191
9 90 50
9 91 117
9 92 7
9 93 179
9 94 36
9 95 61
9 96 46
9 97 146
9 98 16
9 99 74
9 101 64
9 102 24
9 103 45
9 104 9
9 105 128
9 106 2
9 107 36
9 108 4
9 109 54
9 110 8
9 111 53
9 112 10
9 113 36
9 114 8
9 115 5
9 116 3
9 117 77
9 118 6
9 119 21
9 121 42
9 122 1
9 123 36
9 124 6
9 125 19
9 126 1
9 127 4
9 128 3
9 129 43
9 132 8
9 133 14
9 135 24
9 136 3
9 137 9
9 138 2
9 139 4
9 141 24
9 143 4
9 145 1
9 147 1
9 149 10
9 153 3
9 154 5
9 157 6
9 159 2
9 161 4
9 162 2
9 165 1
9 169 1
9 171 4
9 177 3
9 186 1
10 22 8
10 24 25
10 25 12
10 26 121
10 27 86
10 28 511
10 29 278
55
10 30 1459
10 31 1211
10 32 3213
10 33 2061
10 34 6280
10 35 3229
10 36 7075
10 37 3971
10 38 7853
10 39 3788
10 40 7963
10 41 3735
10 42 7112
10 43 3845
10 44 6238
10 45 3146
10 46 6290
10 47 2842
10 48 4984
10 49 2382
10 50 4763
10 51 1928
10 52 4461
10 53 1673
10 54 3476
10 55 1556
10 56 3082
10 57 1145
10 58 3069
10 59 856
10 60 1912
10 61 704
10 62 2214
10 63 635
10 64 1880
10 65 457
10 66 999
10 67 426
10 68 1061
10 69 329
10 70 1039
10 71 210
10 72 743
10 73 266
10 74 549
10 75 156
10 76 620
10 77 145
10 78 385
10 79 108
10 80 426
10 81 78
10 82 295
10 83 92
10 84 236
10 85 63
10 86 236
10 87 78
10 88 267
10 89 32
10 90 101
10 91 28
10 92 186
10 93 44
10 94 169
10 95 28
10 96 123
10 97 25
10 98 81
10 99 8
10 100 151
10 101 14
10 102 77
10 103 8
10 104 33
10 105 17
10 106 38
10 107 4
10 108 71
10 109 13
10 110 54
10 111 2
10 112 61
10 113 1
10 114 17
10 115 13
10 116 26
10 118 36
10 120 44
10 121 8
56
10 122 8
10 123 2
10 124 23
10 125 3
10 126 29
10 128 9
10 129 2
10 130 6
10 131 2
10 132 6
10 134 10
10 135 6
10 136 15
10 138 3
10 140 2
10 142 5
10 144 5
10 145 6
10 146 2
10 148 4
10 150 5
10 151 3
10 152 9
10 160 4
10 164 1
10 166 2
10 180 1
11 19 1
11 20 1
11 21 10
11 22 1
11 23 84
11 24 36
11 25 317
11 26 353
11 27 1227
11 28 1099
11 29 3785
11 30 2817
11 31 6843
11 32 4791
11 33 10410
11 34 5736
11 35 11876
11 36 6211
11 37 10908
11 38 6348
11 39 10646
11 40 5960
11 41 9838
11 42 5009
11 43 8584
11 44 4665
11 45 7482
11 46 3673
11 47 7185
11 48 3029
11 49 5931
11 50 2617
11 51 5468
11 52 1963
11 53 4702
11 54 1646
11 55 3740
11 56 1578
11 57 2796
11 58 1019
11 59 2668
11 60 779
11 61 2316
11 62 741
11 63 1608
11 64 478
11 65 1233
11 66 429
11 67 1297
11 68 483
11 69 793
11 70 219
11 71 932
11 72 219
11 73 627
11 74 179
11 75 602
11 76 124
11 77 468
11 78 91
11 79 421
11 80 117
11 81 275
57
11 82 76
11 83 452
11 84 36
11 85 246
11 86 91
11 87 170
11 88 26
11 89 99
11 90 33
11 91 151
11 92 48
11 93 102
11 94 8
11 95 199
11 96 18
11 97 58
11 98 27
11 99 90
11 100 12
11 101 71
11 102 16
11 103 53
11 104 22
11 105 36
11 106 15
11 107 83
11 108 5
11 109 19
11 111 19
11 112 6
11 113 31
11 114 1
11 115 43
11 116 13
11 117 23
11 118 2
11 119 28
11 121 1
11 122 3
11 123 18
11 125 7
11 127 13
11 128 7
11 130 4
11 131 7
11 132 2
11 133 16
11 134 5
11 135 7
11 137 4
11 139 2
11 140 2
11 141 2
11 142 1
11 143 9
11 145 2
11 149 6
11 155 1
11 159 1
11 167 1
12 18 1
12 20 26
12 21 25
12 22 103
12 23 106
12 24 802
12 25 851
12 26 2561
12 27 2815
12 28 6858
12 29 4888
12 30 12086
12 31 7411
12 32 15130
12 33 8942
12 34 14567
12 35 8692
12 36 14747
12 37 8471
12 38 13199
12 39 7980
12 40 11905
12 41 6187
12 42 11078
12 43 5531
12 44 9078
12 45 4712
12 46 8079
12 47 3513
12 48 7437
58
12 49 2845
12 50 5597
12 51 2174
12 52 4824
12 53 1724
12 54 3990
12 55 1588
12 56 2810
12 57 1271
12 58 2535
12 59 777
12 60 2499
12 61 775
12 62 1693
12 63 619
12 64 1214
12 65 372
12 66 1271
12 67 357
12 68 890
12 69 296
12 70 806
12 71 191
12 72 758
12 73 130
12 74 464
12 75 199
12 76 420
12 77 107
12 78 407
12 79 81
12 80 248
12 81 89
12 82 230
12 83 17
12 84 280
12 85 54
12 86 125
12 87 67
12 88 102
12 89 34
12 90 197
12 91 27
12 92 107
12 93 34
12 94 89
12 95 5
12 96 61
12 97 17
12 98 55
12 99 18
12 100 64
12 101 6
12 102 52
12 103 16
12 104 54
12 105 7
12 106 28
12 107 2
12 108 22
12 109 2
12 110 27
12 111 17
12 112 13
12 113 3
12 114 42
12 116 14
12 117 9
12 118 3
12 120 10
12 122 8
12 123 5
12 124 12
12 125 6
12 126 14
12 128 2
12 129 1
12 130 1
12 131 1
12 132 8
12 133 1
12 134 6
12 136 4
12 138 1
12 139 2
12 140 3
12 144 1
12 148 1
12 156 1
12 158 1
59
12 162 1
12 174 1
13 17 5
13 19 58
13 20 15
13 21 207
13 22 328
13 23 1299
13 24 1570
13 25 4998
13 26 4335
13 27 10272
13 28 7936
13 29 16197
13 30 10319
13 31 18870
13 32 11189
13 33 17911
13 34 11405
13 35 17055
13 36 10104
13 37 16489
13 38 8995
13 39 13401
13 40 7386
13 41 12284
13 42 5715
13 43 10782
13 44 4732
13 45 8908
13 46 3927
13 47 6945
13 48 2907
13 49 6376
13 50 2336
13 51 4447
13 52 2054
13 53 3961
13 54 1537
13 55 3307
13 56 1043
13 57 2445
13 58 923
13 59 2127
13 60 659
13 61 2195
13 62 508
13 63 1122
13 64 352
13 65 1066
13 66 298
13 67 873
13 68 241
13 69 614
13 70 287
13 71 406
13 72 137
13 73 546
13 74 108
13 75 347
13 76 142
13 77 292
13 78 100
13 79 200
13 80 50
13 81 247
13 82 70
13 83 152
13 84 53
13 85 221
13 86 36
13 87 94
13 88 16
13 89 119
13 90 19
13 91 118
13 92 12
13 93 78
13 94 39
13 95 63
13 96 5
13 97 59
13 99 33
13 100 12
13 101 30
13 102 6
13 103 30
13 104 5
13 105 26
13 106 6
60
13 107 11
13 108 5
13 109 32
13 110 12
13 111 6
13 112 6
13 113 8
13 114 2
13 115 21
13 116 2
13 117 2
13 119 8
13 121 16
13 122 1
13 123 13
13 124 6
13 125 2
13 127 4
13 128 1
13 131 2
13 133 7
13 135 2
13 139 2
13 145 1
13 148 1
13 149 1
13 157 2
13 163 2
14 16 1
14 17 2
14 18 45
14 19 30
14 20 348
14 21 387
14 22 2112
14 23 2585
14 24 6956
14 25 6048
14 26 14498
14 27 10134
14 28 19177
14 29 13314
14 30 20918
14 31 13223
14 32 21375
14 33 12817
14 34 19539
14 35 11677
14 36 17164
14 37 9584
14 38 15482
14 39 7684
14 40 12428
14 41 6313
14 42 11036
14 43 4842
14 44 9595
14 45 3579
14 46 7222
14 47 3372
14 48 5785
14 49 2270
14 50 4945
14 51 1887
14 52 3966
14 53 1629
14 54 2848
14 55 861
14 56 2578
14 57 804
14 58 1838
14 59 766
14 60 1255
14 61 467
14 62 1183
14 63 271
14 64 876
14 65 350
14 66 684
14 67 246
14 68 620
14 69 203
14 70 366
14 71 178
14 72 393
14 73 116
14 74 474
14 75 57
14 76 260
14 77 76
61
14 78 210
14 79 45
14 80 238
14 81 31
14 82 166
14 83 75
14 84 105
14 85 16
14 86 53
14 87 8
14 88 82
14 89 19
14 90 63
14 91 14
14 92 92
14 93 13
14 94 48
14 95 17
14 96 8
14 97 3
14 98 34
14 99 7
14 100 15
14 101 13
14 102 22
14 103 1
14 104 42
14 105 7
14 106 8
14 107 5
14 108 6
14 109 10
14 110 19
14 111 1
14 112 8
14 113 2
14 114 21
14 115 2
14 116 10
14 120 10
14 122 12
14 123 1
14 124 1
14 126 2
14 127 1
14 128 1
14 131 1
14 132 2
14 134 2
14 137 1
14 140 5
14 144 1
14 148 5
14 176 1
15 15 5
15 16 1
15 17 57
15 18 70
15 19 338
15 20 561
15 21 3001
15 22 3635
15 23 8745
15 24 8148
15 25 16241
15 26 11441
15 27 22516
15 28 14511
15 29 22847
15 30 15184
15 31 22687
15 32 13484
15 33 21255
15 34 12000
15 35 18076
15 36 10244
15 37 15877
15 38 7436
15 39 14105
15 40 6179
15 41 10952
15 42 5125
15 43 9002
15 44 3530
15 45 7537
15 46 3035
15 47 5626
15 48 2265
15 49 4163
15 50 1573
62
15 51 4099
15 52 1321
15 53 2272
15 54 1180
15 55 2201
15 56 718
15 57 1699
15 58 547
15 59 1146
15 60 604
15 61 992
15 62 263
15 63 884
15 64 175
15 65 587
15 66 270
15 67 614
15 68 155
15 69 440
15 70 91
15 71 415
15 72 172
15 73 246
15 74 50
15 75 305
15 76 30
15 77 138
15 78 47
15 79 145
15 80 34
15 81 123
15 82 31
15 83 77
15 84 6
15 85 64
15 86 9
15 87 85
15 88 10
15 89 47
15 90 29
15 91 38
15 92 11
15 93 40
15 94 16
15 95 13
15 96 16
15 97 33
15 98 6
15 99 42
15 101 34
15 102 5
15 103 8
15 105 15
15 106 4
15 107 22
15 108 5
15 109 13
15 111 16
15 113 10
15 114 2
15 115 9
15 117 1
15 119 4
15 120 3
15 123 7
15 126 1
15 129 1
15 131 3
15 133 8
15 135 4
15 147 2
15 151 1
15 159 1
16 14 1
16 16 66
16 17 47
16 18 403
16 19 828
16 20 3525
16 21 4220
16 22 10319
16 23 8602
16 24 17326
16 25 12987
16 26 22826
16 27 15104
16 28 25375
16 29 15488
16 30 22997
16 31 14761
63
16 32 21999
16 33 12173
16 34 19615
16 35 9868
16 36 16373
16 37 7923
16 38 13203
16 39 5654
16 40 11511
16 41 4612
16 42 7960
16 43 4070
16 44 6647
16 45 2865
16 46 5768
16 47 2028
16 48 4047
16 49 1722
16 50 3278
16 51 1268
16 52 2543
16 53 812
16 54 1633
16 55 817
16 56 1458
16 57 376
16 58 1522
16 59 296
16 60 953
16 61 325
16 62 501
16 63 137
16 64 744
16 65 206
16 66 480
16 67 145
16 68 321
16 69 77
16 70 395
16 71 86
16 72 188
16 73 50
16 74 193
16 75 16
16 76 166
16 77 43
16 78 88
16 79 57
16 80 71
16 81 25
16 82 90
16 83 15
16 84 72
16 85 13
16 86 38
16 87 9
16 88 93
16 89 10
16 90 44
16 91 18
16 92 38
16 93 5
16 94 27
16 95 1
16 96 17
16 97 6
16 98 29
16 100 55
16 101 1
16 102 4
16 103 6
16 104 10
16 106 22
16 107 1
16 108 1
16 109 6
16 110 2
16 112 11
16 113 1
16 114 2
16 116 2
16 118 20
16 122 5
16 124 2
16 126 2
16 130 2
16 138 1
16 142 1
16 148 1
17 13 1
64
17 14 1
17 15 47
17 16 41
17 17 446
17 18 689
17 19 3659
17 20 4655
17 21 10333
17 22 8707
17 23 18292
17 24 12672
17 25 23102
17 26 15954
17 27 24910
17 28 15241
17 29 25333
17 30 14667
17 31 21671
17 32 12564
17 33 19702
17 34 9409
17 35 16058
17 36 7044
17 37 12935
17 38 5974
17 39 9813
17 40 4467
17 41 9199
17 42 3686
17 43 5997
17 44 3033
17 45 5279
17 46 1714
17 47 4205
17 48 1256
17 49 2942
17 50 1135
17 51 2017
17 52 822
17 53 1682
17 54 573
17 55 1248
17 56 364
17 57 1129
17 58 296
17 59 895
17 60 273
17 61 580
17 62 174
17 63 565
17 64 147
17 65 475
17 66 85
17 67 216
17 68 87
17 69 216
17 70 34
17 71 264
17 72 56
17 73 154
17 74 43
17 75 114
17 76 27
17 77 150
17 78 18
17 79 57
17 80 37
17 81 89
17 82 3
17 83 81
17 84 10
17 85 34
17 86 10
17 87 30
17 88 8
17 89 74
17 90 11
17 91 38
17 92 13
17 93 20
17 95 10
17 96 3
17 97 27
17 98 7
17 99 12
17 101 18
17 102 1
17 103 31
17 104 3
17 105 3
65
17 106 2
17 107 3
17 109 7
17 110 1
17 111 3
17 113 9
17 121 1
17 123 2
17 125 1
17 131 1
17 133 1
17 137 1
17 145 1
17 173 1
18 13 2
18 14 37
18 15 43
18 16 278
18 17 697
18 18 3761
18 19 4262
18 20 9993
18 21 8785
18 22 17134
18 23 11961
18 24 23369
18 25 15429
18 26 24339
18 27 15940
18 28 24596
18 29 14158
18 30 22248
18 31 11959
18 32 18586
18 33 9405
18 34 15130
18 35 6974
18 36 13742
18 37 5272
18 38 9862
18 39 4563
18 40 8184
18 41 3187
18 42 6561
18 43 2412
18 44 4589
18 45 1797
18 46 3509
18 47 1016
18 48 2621
18 49 826
18 50 2085
18 51 712
18 52 1338
18 53 399
18 54 1408
18 55 368
18 56 960
18 57 349
18 58 616
18 59 190
18 60 624
18 61 105
18 62 363
18 63 137
18 64 358
18 65 119
18 66 392
18 67 56
18 68 187
18 69 76
18 70 119
18 71 24
18 72 159
18 73 24
18 74 78
18 75 35
18 76 60
18 77 10
18 78 109
18 79 14
18 80 71
18 81 17
18 82 57
18 83 6
18 84 56
18 85 6
18 86 37
18 87 15
18 88 47
66
18 89 3
18 90 54
18 91 5
18 92 16
18 93 6
18 94 7
18 95 2
18 96 34
18 98 8
18 99 1
18 100 2
18 102 8
18 104 5
18 105 1
18 107 1
18 108 14
18 114 1
18 120 3
18 122 2
18 126 1
18 132 6
18 144 1
18 156 1
19 11 1
19 13 21
19 14 26
19 15 238
19 16 610
19 17 2979
19 18 3596
19 19 9729
19 20 7537
19 21 15208
19 22 11441
19 23 21346
19 24 14562
19 25 24683
19 26 15511
19 27 24188
19 28 14447
19 29 20856
19 30 10972
19 31 19997
19 32 8423
19 33 14541
19 34 7480
19 35 12389
19 36 4978
19 37 10257
19 38 3857
19 39 7426
19 40 3209
19 41 5443
19 42 2108
19 43 4535
19 44 1492
19 45 2977
19 46 1111
19 47 2012
19 48 682
19 49 2193
19 50 551
19 51 1266
19 52 492
19 53 864
19 54 334
19 55 969
19 56 201
19 57 491
19 58 213
19 59 604
19 60 118
19 61 324
19 62 91
19 63 327
19 64 108
19 65 153
19 66 40
19 67 225
19 68 30
19 69 129
19 70 45
19 71 125
19 72 10
19 73 169
19 74 11
19 75 46
19 76 44
19 77 51
19 78 12
67
19 79 106
19 80 4
19 81 50
19 82 16
19 83 46
19 84 6
19 85 31
19 86 2
19 87 33
19 88 6
19 89 15
19 90 3
19 91 35
19 92 1
19 93 7
19 94 1
19 95 6
19 97 5
19 99 7
19 100 1
19 101 2
19 102 1
19 103 3
19 107 4
19 109 3
19 113 3
19 115 6
19 119 5
19 121 4
19 139 1
20 12 9
20 13 12
20 14 206
20 15 327
20 16 2287
20 17 3131
20 18 7748
20 19 6252
20 20 14393
20 21 9872
20 22 19183
20 23 14309
20 24 23686
20 25 14706
20 26 24308
20 27 13062
20 28 20359
20 29 10521
20 30 17784
20 31 7921
20 32 15427
20 33 6650
20 34 11269
20 35 5013
20 36 8783
20 37 3627
20 38 7348
20 39 2455
20 40 5201
20 41 2121
20 42 3540
20 43 1288
20 44 2928
20 45 818
20 46 1887
20 47 802
20 48 1564
20 49 495
20 50 1240
20 51 367
20 52 741
20 53 384
20 54 798
20 55 183
20 56 687
20 57 145
20 58 353
20 59 141
20 60 213
20 61 51
20 62 351
20 63 29
20 64 194
20 65 61
20 66 140
20 67 28
20 68 133
20 69 13
20 70 144
20 71 31
68
20 72 91
20 73 20
20 74 78
20 75 6
20 76 79
20 77 16
20 78 51
20 79 3
20 80 49
20 81 5
20 82 24
20 83 6
20 84 20
20 85 2
20 86 15
20 87 2
20 88 5
20 89 2
20 90 16
20 92 9
20 94 3
20 95 1
20 96 2
20 98 8
20 100 5
20 106 9
20 110 8
20 114 1
20 122 2
20 124 1
20 146 1
21 11 1
21 12 10
21 13 91
21 14 180
21 15 1642
21 16 2086
21 17 6184
21 18 5480
21 19 11496
21 20 8279
21 21 18521
21 22 13267
21 23 22067
21 24 14180
21 25 21753
21 26 11959
21 27 20003
21 28 9645
21 29 17225
21 30 8518
21 31 13685
21 32 5759
21 33 11422
21 34 4263
21 35 8297
21 36 3631
21 37 6330
21 38 2137
21 39 5002
21 40 1712
21 41 2996
21 42 1421
21 43 2261
21 44 913
21 45 2275
21 46 456
21 47 1173
21 48 499
21 49 1122
21 50 257
21 51 804
21 52 227
21 53 725
21 54 205
21 55 390
21 56 81
21 57 440
21 58 81
21 59 257
21 60 61
21 61 156
21 62 34
21 63 251
21 64 41
21 65 150
21 66 19
21 67 71
21 68 24
21 69 118
69
21 70 24
21 71 56
21 72 23
21 73 52
21 74 4
21 75 46
21 76 15
21 77 48
21 78 4
21 79 7
21 81 25
21 82 1
21 83 9
21 85 6
21 86 2
21 87 12
21 88 1
21 89 9
21 90 2
21 92 1
21 93 15
21 95 2
21 97 5
21 99 14
21 105 3
21 109 1
21 111 5
21 113 1
21 129 1
22 10 2
22 12 52
22 13 121
22 14 978
22 15 1294
22 16 4721
22 17 4047
22 18 9708
22 19 7539
22 20 15450
22 21 11106
22 22 21306
22 23 11897
22 24 19955
22 25 12181
22 26 18684
22 27 9333
22 28 16892
22 29 7408
22 30 12858
22 31 5489
22 32 10244
22 33 3827
22 34 8282
22 35 3076
22 36 5543
22 37 2460
22 38 3947
22 39 1567
22 40 3308
22 41 1150
22 42 2034
22 43 739
22 44 1765
22 45 423
22 46 1235
22 47 414
22 48 961
22 49 276
22 50 717
22 51 185
22 52 637
22 53 108
22 54 346
22 55 96
22 56 289
22 57 70
22 58 308
22 59 38
22 60 125
22 61 43
22 62 156
22 63 32
22 64 127
22 65 22
22 66 67
22 67 16
22 68 76
22 69 19
22 70 83
22 71 9
70
22 72 36
22 73 3
22 74 19
22 75 3
22 76 35
22 77 2
22 78 6
22 79 2
22 80 28
22 81 1
22 82 10
22 83 1
22 84 7
22 86 1
22 87 2
22 88 32
22 89 1
22 90 1
22 91 2
22 92 1
22 96 2
22 98 5
22 100 1
22 102 4
22 104 2
22 112 3
22 172 1
23 11 26
23 12 38
23 13 586
23 14 705
23 15 3045
23 16 2864
23 17 8251
23 18 6146
23 19 12641
23 20 9666
23 21 17971
23 22 10691
23 23 20545
23 24 10960
23 25 17404
23 26 8855
23 27 14691
23 28 6495
23 29 12323
23 30 4978
23 31 9888
23 32 4087
23 33 6861
23 34 2894
23 35 5690
23 36 1782
23 37 3558
23 38 1384
23 39 3001
23 40 980
23 41 1982
23 42 572
23 43 1637
23 44 411
23 45 1005
23 46 278
23 47 1010
23 48 209
23 49 628
23 50 222
23 51 363
23 52 90
23 53 415
23 54 53
23 55 254
23 56 73
23 57 144
23 58 61
23 59 186
23 60 16
23 61 88
23 62 40
23 63 111
23 64 21
23 65 100
23 66 13
23 67 52
23 68 11
23 69 19
23 70 7
23 71 44
23 72 1
23 73 9
71
23 74 6
23 75 15
23 77 37
23 79 19
23 80 3
23 81 10
23 83 9
23 84 2
23 85 7
23 86 1
23 87 3
23 89 5
23 91 7
23 95 5
23 97 2
23 99 1
23 101 2
23 103 3
23 107 1
23 119 2
23 131 2
23 143 1
23 155 1
24 10 8
24 11 12
24 12 278
24 13 264
24 14 1760
24 15 2387
24 16 6345
24 17 4184
24 18 10933
24 19 7588
24 20 15942
24 21 10270
24 22 17065
24 23 9620
24 24 17197
24 25 7648
24 26 13195
24 27 6412
24 28 11597
24 29 4714
24 30 9439
24 31 3531
24 32 6306
24 33 2940
24 34 4833
24 35 1600
24 36 3903
24 37 1131
24 38 2494
24 39 916
24 40 1606
24 41 474
24 42 1583
24 43 427
24 44 930
24 45 223
24 46 721
24 47 156
24 48 704
24 49 117
24 50 332
24 51 100
24 52 203
24 53 72
24 54 247
24 55 64
24 56 143
24 57 57
24 58 100
24 59 23
24 60 116
24 61 10
24 62 73
24 63 17
24 64 54
24 65 4
24 66 72
24 67 8
24 68 16
24 69 9
24 70 30
24 71 4
24 72 32
24 74 8
24 75 2
24 76 9
24 77 1
72
24 78 14
24 80 10
24 82 3
24 84 2
24 85 2
24 86 3
24 90 15
24 94 7
24 102 1
24 108 3
24 114 2
24 118 1
24 138 1
25 9 3
25 11 100
25 12 110
25 13 1108
25 14 1093
25 15 4227
25 16 3513
25 17 8487
25 18 5628
25 19 13791
25 20 7951
25 21 15640
25 22 9123
25 23 15102
25 24 7072
25 25 13777
25 26 5741
25 27 10253
25 28 4725
25 29 8573
25 30 3224
25 31 6212
25 32 2318
25 33 4578
25 34 1476
25 35 2882
25 36 1062
25 37 2540
25 38 697
25 39 1682
25 40 560
25 41 1197
25 42 324
25 43 1083
25 44 183
25 45 559
25 46 151
25 47 361
25 48 146
25 49 352
25 50 67
25 51 183
25 52 110
25 53 175
25 54 33
25 55 248
25 56 32
25 57 74
25 58 30
25 59 52
25 60 16
25 61 91
25 62 4
25 63 36
25 64 9
25 65 34
25 66 3
25 67 28
25 68 2
25 69 20
25 70 2
25 71 8
25 72 1
25 73 10
25 74 1
25 75 6
25 76 1
25 77 7
25 78 1
25 79 10
25 81 6
25 82 1
25 83 10
25 85 10
25 89 2
25 91 1
25 93 1
73
25 97 6
25 105 1
25 121 1
25 145 1
26 10 39
26 11 38
26 12 447
26 13 453
26 14 3421
26 15 2407
26 16 6149
26 17 4449
26 18 10059
26 19 6707
26 20 14845
26 21 7765
26 22 14165
26 23 7105
26 24 11667
26 25 4999
26 26 9966
26 27 3793
26 28 7742
26 29 3261
26 30 5594
26 31 1963
26 32 4344
26 33 1217
26 34 2865
26 35 1087
26 36 2154
26 37 614
26 38 2063
26 39 353
26 40 935
26 41 357
26 42 668
26 43 219
26 44 545
26 45 98
26 46 375
26 47 154
26 48 228
26 49 57
26 50 275
26 51 52
26 52 149
26 53 36
26 54 88
26 55 23
26 56 88
26 57 4
26 58 65
26 59 9
26 60 21
26 61 4
26 62 50
26 64 18
26 65 6
26 66 9
26 67 2
26 68 21
26 69 2
26 70 9
26 71 3
26 72 10
26 73 1
26 74 9
26 75 1
26 76 23
26 78 2
26 80 8
26 82 2
26 84 2
26 86 6
26 88 2
26 92 3
26 98 2
26 104 1
26 110 2
26 128 1
27 9 9
27 10 4
27 11 169
27 12 233
27 13 1702
27 14 1436
27 15 4794
27 16 2789
27 17 7889
74
27 18 5697
27 19 12323
27 20 6781
27 21 13206
27 22 6061
27 23 10674
27 24 5053
27 25 8429
27 26 3538
27 27 8268
27 28 2733
27 29 5001
27 30 1878
27 31 3841
27 32 1141
27 33 3254
27 34 885
27 35 2110
27 36 577
27 37 1354
27 38 424
27 39 926
27 40 224
27 41 607
27 42 254
27 43 366
27 44 100
27 45 394
27 46 97
27 47 204
27 48 54
27 49 168
27 50 30
27 51 125
27 52 18
27 53 63
27 54 20
27 55 47
27 56 12
27 57 52
27 58 16
27 59 18
27 60 4
27 61 25
27 62 2
27 63 34
27 64 1
27 65 5
27 66 2
27 67 23
27 68 2
27 69 30
27 71 5
27 72 2
27 73 4
27 75 13
27 77 3
27 79 7
27 81 2
27 83 2
27 87 3
27 90 1
27 97 1
27 111 1
28 8 4
28 10 68
28 11 41
28 12 875
28 13 953
28 14 3098
28 15 1792
28 16 6562
28 17 4175
28 18 9712
28 19 6153
28 20 11719
28 21 5191
28 22 10580
28 23 4360
28 24 8483
28 25 3452
28 26 6396
28 27 2569
28 28 5237
28 29 1685
28 30 3425
28 31 1315
28 32 2764
28 33 758
28 34 2071
75
28 35 516
28 36 1267
28 37 415
28 38 650
28 39 213
28 40 707
28 41 146
28 42 326
28 43 108
28 44 235
28 45 51
28 46 203
28 47 29
28 48 110
28 49 49
28 50 63
28 51 16
28 52 89
28 53 10
28 54 51
28 55 5
28 56 34
28 57 10
28 58 41
28 59 5
28 60 12
28 61 5
28 62 37
28 63 2
28 64 14
28 66 7
28 67 2
28 68 5
28 70 22
28 71 1
28 72 3
28 73 1
28 74 3
28 76 3
28 79 1
28 80 2
28 82 2
28 84 1
28 88 1
28 94 1
28 118 1
29 9 7
29 10 4
29 11 404
29 12 275
29 13 2029
29 14 1598
29 15 4420
29 16 2647
29 17 8317
29 18 4616
29 19 10475
29 20 4942
29 21 9207
29 22 4037
29 23 7945
29 24 2810
29 25 6186
29 26 2282
29 27 4540
29 28 1730
29 29 3757
29 30 1056
29 31 2620
29 32 792
29 33 1492
29 34 490
29 35 1336
29 36 308
29 37 635
29 38 212
29 39 429
29 40 124
29 41 334
29 42 70
29 43 142
29 44 66
29 45 153
29 46 31
29 47 122
29 48 27
29 49 98
29 50 30
29 51 20
29 52 9
76
29 53 62
29 54 6
29 55 42
29 56 5
29 57 15
29 58 2
29 59 16
29 60 1
29 61 30
29 62 1
29 63 14
29 64 1
29 65 15
29 66 3
29 67 2
29 68 2
29 69 5
29 70 1
29 71 4
29 73 4
29 77 5
29 89 2
29 101 1
30 10 123
30 11 75
30 12 1300
30 13 754
30 14 2967
30 15 1774
30 16 6078
30 17 3557
30 18 10012
30 19 4168
30 20 7903
30 21 3718
30 22 6969
30 23 2711
30 24 5495
30 25 2163
30 26 4694
30 27 1763
30 28 3054
30 29 992
30 30 2831
30 31 632
30 32 1513
30 33 502
30 34 868
30 35 254
30 36 688
30 37 159
30 38 293
30 39 149
30 40 224
30 41 67
30 42 149
30 43 29
30 44 118
30 45 31
30 46 108
30 47 18
30 48 129
30 49 14
30 50 13
30 51 10
30 52 46
30 53 2
30 54 22
30 55 9
30 56 21
30 57 8
30 58 15
30 60 26
30 61 1
30 62 8
30 64 11
30 66 8
30 68 1
30 69 1
30 70 2
30 72 2
30 76 1
30 84 1
31 9 28
31 10 15
31 11 509
31 12 356
31 13 2345
31 14 1037
31 15 4430
77
31 16 2841
31 17 7039
31 18 3599
31 19 7766
31 20 3157
31 21 6629
31 22 2687
31 23 5180
31 24 1956
31 25 4452
31 26 1496
31 27 3346
31 28 1044
31 29 1959
31 30 564
31 31 1643
31 32 379
31 33 654
31 34 252
31 35 515
31 36 139
31 37 297
31 38 99
31 39 191
31 40 77
31 41 169
31 42 45
31 43 203
31 44 15
31 45 72
31 46 23
31 47 56
31 48 8
31 49 39
31 50 7
31 51 32
31 52 5
31 53 21
31 54 3
31 55 38
31 56 3
31 57 11
31 59 10
31 61 8
31 62 1
31 63 3
31 64 2
31 65 2
31 67 2
31 69 1
31 91 1
32 8 3
32 10 161
32 11 187
32 12 1324
32 13 590
32 14 2822
32 15 1717
32 16 5992
32 17 2981
32 18 6495
32 19 2753
32 20 6719
32 21 2492
32 22 4770
32 23 1864
32 24 3945
32 25 1329
32 26 3208
32 27 778
32 28 1826
32 29 593
32 30 1261
32 31 308
32 32 673
32 33 192
32 34 499
32 35 168
32 36 243
32 37 46
32 38 308
32 39 42
32 40 135
32 41 47
32 42 107
32 43 22
32 44 86
32 45 17
32 46 47
32 47 12
78
32 48 48
32 49 2
32 50 48
32 51 4
32 52 10
32 53 3
32 54 6
32 55 2
32 56 13
32 57 2
32 58 8
32 59 1
32 60 4
32 62 4
32 64 1
32 68 3
32 74 1
33 9 57
33 10 12
33 11 671
33 12 637
33 13 1538
33 14 979
33 15 4658
33 16 2089
33 17 5784
33 18 2464
33 19 5715
33 20 2194
33 21 4740
33 22 1679
33 23 3261
33 24 1292
33 25 2499
33 26 737
33 27 1761
33 28 600
33 29 1037
33 30 332
33 31 644
33 32 125
33 33 630
33 34 115
33 35 271
33 36 66
33 37 236
33 38 30
33 39 136
33 40 40
33 41 99
33 42 28
33 43 79
33 44 10
33 45 47
33 46 8
33 47 18
33 48 5
33 49 17
33 50 2
33 51 20
33 52 2
33 53 4
33 54 3
33 55 8
33 56 1
33 57 4
33 59 3
33 60 1
33 61 1
34 8 4
34 10 361
34 11 120
34 12 864
34 13 605
34 14 3269
34 15 1421
34 16 4852
34 17 2126
34 18 5443
34 19 2009
34 20 3865
34 21 1502
34 22 3159
34 23 1026
34 24 2487
34 25 923
34 26 1732
34 27 504
34 28 1075
34 29 406
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34 30 652
34 31 172
34 32 383
34 33 124
34 34 382
34 35 59
34 36 156
34 37 52
34 38 119
34 39 32
34 40 122
34 41 14
34 42 41
34 43 17
34 44 15
34 45 1
34 46 28
34 47 2
34 48 17
34 49 5
34 50 6
34 52 5
34 53 1
34 54 4
34 55 2
34 56 3
34 58 4
34 64 1
35 9 67
35 10 29
35 11 844
35 12 258
35 13 1782
35 14 958
35 15 3764
35 16 1788
35 17 5335
35 18 1600
35 19 3663
35 20 1519
35 21 2700
35 22 967
35 23 2519
35 24 670
35 25 1461
35 26 658
35 27 909
35 28 269
35 29 872
35 30 138
35 31 383
35 32 125
35 33 203
35 34 53
35 35 198
35 36 23
35 37 76
35 38 53
35 39 49
35 40 7
35 41 63
35 42 9
35 43 19
35 44 6
35 45 15
35 47 14
35 48 1
35 49 3
35 50 2
35 51 6
35 53 5
35 54 2
35 55 2
35 57 2
35 59 3
36 8 16
36 9 4
36 10 270
36 11 66
36 12 1144
36 13 552
36 14 2705
36 15 1334
36 16 3920
36 17 1371
36 18 3593
36 19 1292
36 20 2573
36 21 1091
36 22 2052
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36 23 728
36 24 1447
36 25 458
36 26 1035
36 27 311
36 28 478
36 29 128
36 30 490
36 31 69
36 32 173
36 33 53
36 34 168
36 35 24
36 36 127
36 37 24
36 38 55
36 39 17
36 40 24
36 41 6
36 42 26
36 43 3
36 44 16
36 45 3
36 46 7
36 47 4
36 48 7
36 49 1
36 50 5
36 52 4
36 53 1
36 54 3
36 56 2
37 7 1
37 9 80
37 10 168
37 11 544
37 12 178
37 13 2074
37 14 768
37 15 3338
37 16 1368
37 17 3015
37 18 1057
37 19 2603
37 20 952
37 21 1864
37 22 643
37 23 1357
37 24 487
37 25 1369
37 26 190
37 27 453
37 28 143
37 29 318
37 30 49
37 31 227
37 32 56
37 33 144
37 34 67
37 35 53
37 36 17
37 37 84
37 38 9
37 39 9
37 40 8
37 41 27
37 42 4
37 43 17
37 44 1
37 45 4
37 46 1
37 47 4
37 48 1
37 49 8
37 50 2
37 51 2
37 52 1
37 53 1
38 8 20
38 10 253
38 11 115
38 12 974
38 13 446
38 14 2922
38 15 920
38 16 2514
38 17 1048
38 18 2305
38 19 782
38 20 1861
81
38 21 535
38 22 1266
38 23 444
38 24 785
38 25 242
38 26 473
38 27 143
38 28 460
38 29 75
38 30 166
38 31 40
38 32 312
38 33 31
38 34 73
38 35 25
38 36 38
38 37 7
38 38 37
38 39 8
38 40 18
38 41 4
38 42 1
38 44 8
38 45 3
38 46 7
38 47 1
38 48 3
38 50 2
38 51 1
39 9 220
39 10 23
39 11 433
39 12 280
39 13 1793
39 14 675
39 15 2502
39 16 793
39 17 2222
39 18 776
39 19 1580
39 20 558
39 21 1197
39 22 407
39 23 836
39 24 254
39 25 550
39 26 161
39 27 536
39 28 61
39 29 162
39 30 78
39 31 142
39 32 27
39 33 91
39 34 15
39 35 30
39 36 11
39 37 22
39 38 3
39 39 13
39 40 4
39 41 3
39 42 3
39 43 5
39 45 8
39 47 1
39 48 2
39 49 2
40 8 22
40 9 2
40 10 239
40 11 74
40 12 1313
40 13 403
40 14 1956
40 15 702
40 16 2305
40 17 637
40 18 1510
40 19 613
40 20 1035
40 21 343
40 22 1008
40 23 231
40 24 595
40 25 146
40 26 246
40 27 69
40 28 362
40 29 22
82
40 30 137
40 31 28
40 32 49
40 33 17
40 34 34
40 35 6
40 36 19
40 37 8
40 38 6
40 39 2
40 40 5
40 41 1
40 42 2
40 43 1
40 44 9
40 45 1
40 46 1
40 48 1
41 8 4
41 9 87
41 10 10
41 11 729
41 12 197
41 13 1572
41 14 556
41 15 1631
41 16 534
41 17 1645
41 18 497
41 19 997
41 20 331
41 21 887
41 22 226
41 23 530
41 24 141
41 25 325
41 26 117
41 27 135
41 28 24
41 29 268
41 30 22
41 31 49
41 32 12
41 33 30
41 34 9
41 35 22
41 36 2
41 37 2
41 38 3
41 39 5
41 40 2
41 41 4
41 42 1
41 43 5
41 45 1
41 46 1
42 8 22
42 9 13
42 10 272
42 11 81
42 12 986
42 13 275
42 14 1559
42 15 605
42 16 1370
42 17 453
42 18 983
42 19 313
42 20 683
42 21 277
42 22 467
42 23 132
42 24 450
42 25 61
42 26 99
42 27 51
42 28 102
42 29 16
42 30 48
42 31 13
42 32 27
42 33 6
42 34 12
42 35 3
42 36 8
42 37 2
42 38 2
42 39 2
42 40 3
42 42 9
83
42 44 1
43 7 13
43 9 76
43 10 41
43 11 562
43 12 169
43 13 1462
43 14 390
43 15 1200
43 16 414
43 17 842
43 18 268
43 19 745
43 20 215
43 21 509
43 22 162
43 23 271
43 24 62
43 25 145
43 26 29
43 27 110
43 28 18
43 29 43
43 30 8
43 31 36
43 32 10
43 33 12
43 34 3
43 35 5
43 36 1
43 37 5
43 38 2
43 39 8
43 40 2
43 41 4
43 43 1
44 8 100
44 9 2
44 10 232
44 11 67
44 12 931
44 13 299
44 14 1131
44 15 298
44 16 898
44 17 252
44 18 613
44 19 180
44 20 592
44 21 132
44 22 302
44 23 73
44 24 112
44 25 32
44 26 200
44 27 22
44 28 37
44 29 17
44 30 33
44 31 6
44 32 16
44 33 4
44 34 2
44 35 2
44 36 5
44 37 2
44 38 5
44 40 3
45 7 1
45 9 105
45 10 24
45 11 596
45 12 167
45 13 979
45 14 254
45 15 891
45 16 233
45 17 628
45 18 207
45 19 412
45 20 133
45 21 322
45 22 59
45 23 118
45 24 60
45 25 94
45 26 23
45 27 56
45 28 7
45 29 29
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45 30 8
45 31 10
45 32 4
45 33 1
45 34 2
45 35 5
45 36 4
45 37 6
45 38 2
45 39 1
46 8 22
46 10 372
46 11 66
46 12 778
46 13 198
46 14 683
46 15 203
46 16 630
46 17 179
46 18 358
46 19 165
46 20 316
46 21 87
46 22 162
46 23 46
46 24 106
46 25 32
46 26 40
46 27 6
46 28 179
46 29 3
46 30 9
46 31 4
46 32 2
46 33 1
46 34 12
46 35 1
46 36 4
46 38 1
47 7 6
47 8 2
47 9 102
47 10 12
47 11 516
47 12 98
47 13 627
47 14 257
47 15 565
47 16 158
47 17 462
47 18 141
47 19 308
47 20 90
47 21 130
47 22 41
47 23 186
47 24 12
47 25 33
47 26 12
47 27 25
47 28 5
47 29 12
47 30 3
47 31 2
47 32 3
47 33 10
47 35 5
47 36 1
48 8 22
48 9 7
48 10 265
48 11 59
48 12 733
48 13 129
48 14 515
48 15 156
48 16 394
48 17 77
48 18 297
48 19 75
48 20 146
48 21 52
48 22 106
48 23 16
48 24 34
48 25 14
48 26 34
48 27 3
48 28 13
48 29 3
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48 30 8
48 31 4
48 32 5
48 34 2
49 5 1
49 7 15
49 9 116
49 10 17
49 11 411
49 12 100
49 13 562
49 14 148
49 15 329
49 16 102
49 17 175
49 18 76
49 19 227
49 20 64
49 21 105
49 22 12
49 23 36
49 24 21
49 25 117
49 26 3
49 27 18
49 28 4
49 29 6
49 30 4
49 31 3
49 33 1
49 34 1
50 6 1
50 8 26
50 10 282
50 11 54
50 12 385
50 13 141
50 14 340
50 15 76
50 16 225
50 17 82
50 18 205
50 19 53
50 20 119
50 21 18
50 22 51
50 23 25
50 24 26
50 25 4
50 26 22
50 27 4
50 28 3
50 29 3
50 30 2
50 32 3
51 7 3
51 9 149
51 10 14
51 11 320
51 12 92
51 13 266
51 14 54
51 15 298
51 16 65
51 17 190
51 18 91
51 19 93
51 20 20
51 21 74
51 22 17
51 23 26
51 24 6
51 25 16
51 26 6
51 27 4
51 29 3
51 31 2
52 8 52
52 9 3
52 10 238
52 11 29
52 12 324
52 13 86
52 14 226
52 15 78
52 16 182
52 17 65
52 18 121
52 19 24
52 20 64
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52 21 16
52 22 88
52 23 3
52 24 15
52 25 7
52 26 1
52 28 4
52 29 1
52 30 1
53 7 1
53 9 99
53 10 15
53 11 358
53 12 53
53 13 220
53 14 66
53 15 140
53 16 39
53 17 154
53 18 26
53 19 63
53 20 20
53 21 20
53 22 9
53 23 14
53 24 3
53 25 3
53 26 1
53 27 5
53 28 1
54 6 2
54 8 38
54 9 1
54 10 175
54 11 39
54 12 216
54 13 48
54 14 173
54 15 42
54 16 117
54 17 39
54 18 63
54 19 24
54 20 24
54 21 7
54 22 8
54 23 4
54 24 7
54 26 5
54 27 1
55 7 15
55 9 100
55 10 20
55 11 196
55 12 45
55 13 159
55 14 40
55 15 100
55 16 30
55 17 83
55 18 18
55 19 69
55 20 5
55 21 14
55 22 5
55 23 3
55 24 3
55 25 5
56 8 75
56 9 1
56 10 104
56 11 24
56 12 132
56 13 36
56 14 109
56 15 30
56 16 92
56 17 27
56 18 34
56 19 2
56 20 25
56 21 2
56 22 6
56 23 5
56 24 4
57 7 4
57 9 83
57 10 13
57 11 141
57 12 48
87
57 13 99
57 14 18
57 15 94
57 16 32
57 17 31
57 18 13
57 19 13
57 20 4
57 21 15
57 22 4
57 23 5
58 6 1
58 8 33
58 10 188
58 11 17
58 12 90
58 13 27
58 14 60
58 15 15
58 16 73
58 17 13
58 18 16
58 19 9
58 20 11
58 21 4
58 22 2
59 7 14
59 9 60
59 10 3
59 11 140
59 12 19
59 13 72
59 14 26
59 15 52
59 16 8
59 17 24
59 18 5
59 19 14
59 20 5
59 21 3
60 6 2
60 8 29
60 9 8
60 10 105
60 11 31
60 12 69
60 13 11
60 14 40
60 15 9
60 16 28
60 17 7
60 18 20
60 19 5
60 20 1
60 21 1
61 7 17
61 9 55
61 10 10
61 11 58
61 12 13
61 13 33
61 14 17
61 15 53
61 16 17
61 17 13
61 18 3
61 19 4
61 20 1
62 6 3
62 8 21
62 10 74
62 11 14
62 12 26
62 13 10
62 14 63
62 15 14
62 16 10
62 17 7
62 18 6
62 19 1
63 7 10
63 9 71
63 10 7
63 11 36
63 12 15
63 13 43
63 14 7
63 15 27
63 16 3
63 17 5
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63 18 2
64 8 22
64 9 3
64 10 72
64 11 10
64 12 39
64 13 4
64 14 25
64 15 3
64 16 7
64 17 3
65 7 5
65 9 58
65 10 4
65 11 16
65 12 6
65 13 23
65 14 4
65 15 10
65 16 4
65 17 3
66 6 8
66 8 23
66 9 3
66 10 29
66 11 2
66 12 35
66 13 10
66 14 15
66 15 8
66 16 5
67 7 13
67 9 47
67 10 8
67 11 23
67 12 3
67 13 26
67 14 9
67 15 3
68 6 1
68 8 35
68 10 18
68 11 13
68 12 8
68 13 3
68 14 14
68 15 2
69 7 1
69 9 31
69 10 4
69 11 11
69 12 2
69 13 11
70 6 4
70 8 14
70 10 15
70 11 2
70 12 17
70 13 4
70 14 4
71 7 2
71 8 2
71 9 22
71 10 3
71 11 23
71 12 1
71 13 8
71 15 1
72 6 1
72 8 27
72 9 2
72 10 8
72 12 8
72 13 3
73 5 1
73 7 13
73 9 15
73 10 3
73 11 6
73 12 4
73 13 4
74 6 3
74 8 16
74 10 5
74 11 3
74 12 5
75 7 3
75 8 1
75 9 8
75 10 6
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75 12 1
76 8 15
76 10 2
76 12 2
77 5 1
77 7 7
77 9 4
77 11 8
78 6 1
78 8 7
78 9 2
78 10 6
78 12 3
79 7 20
79 9 5
79 10 1
80 8 10
80 10 1
80 11 2
81 7 2
81 9 2
81 11 3
82 6 3
82 8 3
82 9 1
82 10 1
83 7 3
84 6 3
84 9 2
84 10 2
85 5 1
85 7 7
85 9 2
86 6 2
86 8 1
87 7 1
88 8 2
88 10 1
89 7 2
90 6 8
91 7 1
91 9 1
92 8 1
94 6 1
97 5 2
97 7 1
98 6 1
101 5 3
112 4 1
Total 5415109
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Table 3: F12 Fibrations By Hodge Pair
h11 h21 # Fibrations
11 155 1
11 161 2
11 167 3
11 235 2
11 251 2
11 491 1
12 102 2
12 108 2
12 128 2
12 142 2
12 148 4
12 158 2
12 164 6
12 186 3
12 216 2
12 318 2
13 67 1
13 73 2
13 75 1
13 79 4
13 89 2
13 95 3
13 97 2
13 109 5
13 117 4
13 121 3
13 139 4
13 193 2
13 229 3
14 52 1
14 54 1
14 56 1
14 58 1
14 60 1
14 68 2
14 78 2
14 82 2
14 86 7
14 98 6
14 100 1
14 116 2
14 128 4
14 166 2
15 39 1
15 45 5
15 49 1
15 55 2
15 59 3
15 67 5
15 69 1
15 71 4
15 73 1
15 75 3
15 89 2
15 115 1
15 135 2
16 38 2
16 40 2
16 46 1
16 48 1
16 50 1
16 52 2
16 58 3
16 62 2
16 76 1
16 100 2
17 27 1
17 31 2
17 33 1
17 39 1
17 41 1
17 43 1
17 47 2
17 49 1
17 61 1
17 83 1
18 20 1
18 22 1
18 24 1
18 32 1
18 34 2
18 64 1
19 25 1
19 55 1
21 33 1
22 52 1
23 47 1
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24 18 1
24 32 1
25 25 1
25 49 1
26 20 1
26 26 1
27 15 2
27 31 1
27 51 1
28 22 1
28 24 2
28 36 1
28 46 1
29 29 2
30 30 1
30 48 1
31 13 1
31 23 2
31 35 1
32 20 1
33 45 1
34 34 2
35 11 1
35 13 1
35 19 1
35 47 1
38 44 1
39 15 1
43 43 1
44 8 1
44 14 1
Total 215
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4 Example: I∗5 Kodaira Fiber, so(17) gauge algebra
over Hodge Pair (24,90)
To elucidate some of the power of these results, we consider an explicit example. We
will examine the hodge pair (h11, h21) = (24, 90). Let’s look at all the fibrations that
result:
sage: load("/home/H1_fibrations-24-90.sobj")
[{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 25,
’polytope’: ((-9, -6, -2, 0),
(-4, -3, -1, -1),
(-4, -1, -2, 0),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 26,
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’polytope’: ((-9, -6, -2, 0),
(-5, -3, -1, -1),
(-3, 0, -2, 0),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 0, 1, 0), (-3, 0, -2, 0)),
’h11’: 24,
’h21’: 90,
’index’: 31,
’polytope’: ((-9, -2, -6, 0),
(-8, -1, -5, -1),
(-1, -2, 2, 0),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 65,
’polytope’: ((-27, -14, -6, -6),
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(-4, -2, -1, 0),
(-3, -2, 0, 0),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 176,
’polytope’: ((-9, -6, -2, 0),
(-4, -3, -1, -1),
(-4, -1, -2, 0),
(-1, -1, 0, 1),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 178,
’polytope’: ((-9, -6, -2, 0),
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(-5, -3, -1, -1),
(-3, 0, -2, 0),
(-2, -2, 0, 1),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 0, 1, 0), (-3, 0, -2, 0)),
’h11’: 24,
’h21’: 90,
’index’: 179,
’polytope’: ((-9, -2, -6, 0),
(-5, -1, -3, -1),
(-3, -2, 0, 0),
(-1, 0, -1, 1),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 180,
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’polytope’: ((-9, -6, -2, 0),
(-6, -4, -1, -1),
(-3, 0, -2, 0),
(-1, 1, -1, 0),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 0, 1, 0), (-3, 0, -2, 0)),
’h11’: 24,
’h21’: 90,
’index’: 181,
’polytope’: ((-9, -2, -6, 0),
(-8, -1, -5, -1),
(-2, -2, 1, 0),
(0, -1, 1, 0),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 0, 1, 0), (-3, 0, -2, 0)),
’h11’: 24,
’h21’: 90,
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’index’: 207,
’polytope’: ((-9, -2, -6, 0),
(-8, -1, -5, -1),
(-1, -2, 2, 0),
(-1, 0, -1, 1),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 222,
’polytope’: ((-11, -6, -4, 0),
(-4, -3, -1, -1),
(-3, -2, 0, 0),
(-2, 0, -1, 0),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
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’h21’: 90,
’index’: 225,
’polytope’: ((-11, -6, -4, 0),
(-4, -3, -1, -1),
(-2, 0, -1, 0),
(-1, -1, 1, 0),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 733,
’polytope’: ((-9, -6, -2, 0),
(-6, -4, -1, -1),
(-5, -3, -1, -1),
(-3, 0, -2, 0),
(-1, -1, 0, 1),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
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{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 735,
’polytope’: ((-9, -6, -2, 0),
(-6, -4, -1, -1),
(-3, 0, -2, 0),
(-1, -1, 0, 1),
(-1, 1, -1, 0),
(0, 0, 0, 1),
(0, 0, 1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))},
{’fiber’: ((1, 0, 0, 0), (0, 1, 0, 0), (-3, -2, 0, 0)),
’h11’: 24,
’h21’: 90,
’index’: 740,
’polytope’: ((-9, -6, -2, 0),
(-8, -5, -1, -1),
(-2, 1, -2, 0),
(-1, -1, 0, 1),
(0, 0, 0, 1),
(0, 0, 1, 0),
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(0, 1, -1, 0),
(0, 1, 0, 0),
(1, 0, 0, 0))}]
Altogether, 15 fibers were printed (as also indicated by Table 2). We will study
the first fibration (colored blue above) and show that it is fibered over the Hirzebruch
surface F1, exhibits an I
∗
5 Kodiara fiber and so(17) gauge algebra.
Our polytope P is the convex hull of the following vertices:
−9
−6
−2
0

,

−4
−3
−1
−1

,

−4
−1
−2
0

,

0
0
0
1

,

0
0
1
0

,

0
1
0
0

,

1
0
0
0

It has the following additional integral points (including the origin):
−8
−5
−2
0

,

−7
−4
−2
0

,

−6
−3
−2
0

,

−5
−2
−2
0

,

−6
−4
−1
0

,

−5
−3
−1
0

,

−4
−2
−1
0

,

−3
−1
−1
0

,

−2
0
−1
0


−3
−2
0
0

,

−2
−1
0
0

,

−1
0
0
0

,

−4
−3
−1
0

,

−3
−2
−1
0

,

−2
−1
−1
0

,

−1
−1
0
0

,

0
0
0
0

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We project onto the final two coordinates using the projection matrix:
Proj. =
0 0 1 0
0 0 0 1

yielding:−2
0
 ,
−1
−1
 ,
−2
0
 ,
0
1
 ,
1
0
 ,
0
0
 ,
0
0
 ,
−2
0

−2
0
 ,
−2
0
 ,
−2
0
 ,
−1
0
 ,
−1
0
 ,
−1
0
 ,
−1
0
 ,
−1
0

0
0
 ,
0
0
 ,
0
0
 ,
−1
0
 ,
−1
0
 ,
−1
0
 ,
0
0
 ,
0
0

This projects onto our base, the first Hirzebruch, as we will see momentarily.
(Notice that some of these vectors above have length 2. That is not a problem; some
points just project to twice the generator instead of once the generator. This situation
also arises for some polytopes that are fibered over the base CP2. This will translate
into some multiplicities in intersections, a technicality that I will set aside for the
moment.)
Now we define the first Hirzebruch surface as a toric variety. In the physics liter-
ature the first Hirzebruch is labeled F1 because they count blow-ups of CP2 whereas
in the math literature it is referred to as dP8 because that is the self-intersection of
the canonical divisor (K ·K). For convenience, I refer to it below as H1.
In homogeneous coordinates xi, the Hirzebruch surface Hn is given by Hn = {[x0 :
102
x1 : x2 : x3]|(x0, x1) 6= (0, 0), (x2, x3) 6= (0, 0)} subject to homogenous rescalings
[x0 : x1 : x2 : x3] = [µx0 : µx1 : µ
nx2 : x3] = [x0 : x1 : νx2 : νx3]∀µν ∈ C∗
These homogeneous scalings correspond to linear relations between generators. If
~xi is the primitive lattice vector generating the ray corresponding to xi, a basis for
the linear relations is
~x2 + ~x3 = 0
~x0 + ~x1 + n~x2 = 0
We construct the first Hirzebruch in terms of the rays as a toric variety:
The accompanying fan plot follows as Figure 7.
The polytope defines a fan, namely the cones over the faces. But this doesn’t
project cleanly; we have to subdivide cones to make sure that every cone projects to
a cone of H1. This is what we will do: we are subdividing the face fan of the polytope
using our points.
There is a canonical subdivision of the fan; it operates in a manner similar to an
apple slicer (which cleanly cuts an apple into, say, 6 wedges). In this way, we can
cut down a 4D fan into a subdivided fan that fibers over our base H1. To do this
subdivision, all we need to know is the face fan of the polytope.
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Figure 7: Revised Fan Plot of F1. Cones labeled differently from before as mandated
by projection matrix.
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Here is the accompanying fan morphism:
The fan morphism defines a morphism of toric varieties. We define X as a toric
variety in terms of homogeneous polynomials and f as a polynomial map:
In this example, our toric variety–which is defined in terms of homogeneous
polynomials–has 8 homogeneous coordinates: z0, ..., z7.
The projection to our base H1 is (z4, z3, z1, z
2
0z
2
2). For a toric morphism, the
projection is given by toric maps (so it’s just products of monomials).
We test if X is smooth:
This should not alarm us. We have only subdivided the fan of the toric variety
so that it fibers; we didn’t have to resolve all the singularities. We can get a smooth
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variety by subdividing the fan further. We now include all the extra points, subdivide
the fan with respect to these additional points; and subdivide all cones that are not
simplicial. For the moment, the extra points that we include are all 16 non-vertex
integral points other than the origin:
−8
−5
−2
0

,

−7
−4
−2
0

,

−6
−3
−2
0

,

−5
−2
−2
0

,

−6
−4
−1
0

,

−5
−3
−1
0

,

−4
−2
−1
0

,

−3
−1
−1
0

,

−2
0
−1
0


−3
−2
0
0

,

−2
−1
0
0

,

−1
0
0
0

,

−4
−3
−1
0

,

−3
−2
−1
0

,

−2
−1
−1
0

,

−1
−1
0
0

With these additional points, we subdivide the fan as before and define the fan
morphism:
Again, let’s test if it is smooth:
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Great! There is a subtlety, though. We didn’t need to introduce all of the remain-
ing integral points. We only needed to subdivide the fan with points not interior to
codimension 1 faces. In other words, we could have limited our remaining points to
the following 13:
−8
−5
−2
0

,

−7
−4
−2
0

,

−6
−3
−2
0

,

−5
−2
−2
0

,

−6
−4
−1
0

,

−5
−3
−1
0

,

−4
−2
−1
0

,

−3
−1
−1
0

,

−2
0
−1
0


−2
−1
0
0

,

−4
−3
−1
0

,

−3
−2
−1
0

,

−1
−1
0
0

That is, we didn’t need to include these 3 points in our subdivision because they
are interior to facets.
−3
−2
0
0

,

−1
0
0
0

,

−2
−1
−1
0

Including them would not be wrong but it would be extra effort for the machines.
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When implemented for 500M polytopes, this adds up to significantly more processing
time. Including them translates to blowing up at points that are disjoint from the
generic hypersurface.
Code in SAGE can implement this automatically:
from sage.geometry.polyhedron.ppl_lattice_polytope
import LatticePolytope_PPL
Q = LatticePolytope_PPL(map(list, P.vertices())); Q
Q.integral_points_not_interior_to_facets()
from sage.geometry.polyhedron.ppl_lattice_polytope
import LatticePolytope_PPL
Q = LatticePolytope_PPL(map(list, P.vertices())); Q
set(map(tuple, Q.integral_points_
not_interior_to_facets())).diff
erence(map(tuple, X.fan().rays()))
{(-8, -5, -2, 0),
(-7, -4, -2, 0),
(-6, -4, -1, 0),
(-6, -3, -2, 0),
(-5, -3, -1, 0),
(-5, -2, -2, 0),
(-4, -3, -1, 0),
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(-4, -2, -1, 0),
(-3, -2, -1, 0),
(-3, -1, -1, 0),
(-2, -1, 0, 0),
(-2, 0, -1, 0),
(-1, -1, 0, 0),
(0, 0, 0, 0)}
(Technically, the origin is a point that is not in the interior to a facet which is
why it appears in the SAGE output above. However, you cannot use it to blow-up
so it was removed from the list of 13 points above.)
We can re-try subdividing the fan with this more limited set of points:
Now we check if X is smooth:
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The fact that the toric variety is not smooth needn’t bother us. The ambient toric
variety is not yet smooth because we have left out the points that are in the interior
of a facet. To make the total ambient space smooth, we have to blow up everything.
In the completely blown up version–that is, if we were to include all points including
the ones in the interior of facets–you will have blow-ups that are disjoint from the
hypersurface.
In sum, if you do not include the points that are interior to facets, you still have
singularities in the ambient toric variety but they are not important because they
are disjoint from the hypersurface. The hypersurface misses those singularities; it
does not intersect them. So although X is singular, the hypersurface misses those
singularities and is smooth. Moreover, whether or not we make X smooth will not
impact our determination of Kodaira fibers, Gauge groups, etc.
At this point, X is a 4D toric variety covered by 68 affine patches:
Let’s write f as a polynomial map:
So here the toric morphism has 21 homogeneous coordinates, z0, z1, ..., z20 in the
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4D toric variety and the projection to our base yields:
(z4, z3, z1, z
2
0z
2
2z
2
8z
2
9z10z
2
11z12z
2
13z14z15z16z17z19)
So 3 of the homogeneous coordinates are linear followed by one that is a product
of 13 homogeneous coordinates and has degree 19. (The form of the last term will
become more significant momentarily when we compute ∆.)
Let’s now compute the Weierstrass Form. We’ll first randomly generate a poly-
nomial using the sections of the anti-canonical bundle. For present purposes, we are
going to keep the integers between (-2, 2) to avoid large, unmanageable integers ap-
pearing. (We can make the integers larger; it doesn’t take the machine more time, it
just results in a more unweildy and unreadable polynomial. In the scripts I am run-
ning, the integers range between -1,000,000 and 1,000,000.) Here is the polynomial
that resulted (it has 99 terms):
z180 z
10
1 z
8
2z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 +
z180 z
9
1z
8
2z3z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 −
z180 z
8
1z
8
2z
2
3z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 +
z180 z
7
1z
8
2z
3
3z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 +
z180 z
6
1z
8
2z
4
3z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 +
z180 z
5
1z
8
2z
5
3z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 +
2z180 z
4
1z
8
2z
6
3z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 −
111
2z180 z
3
1z
8
2z
7
3z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 −
z180 z
2
1z
8
2z
8
3z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 −
z180 z1z
8
2z
9
3z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 +
z180 z
8
2z
10
3 z
6
7z
16
8 z
14
9 z
12
10z
12
11z
10
12z
10
13z
9
14z
8
15z
7
16z
6
17z
4
18z
4
19z
3
20 −
z160 z
9
1z
6
2z4z
6
7z
14
8 z
12
9 z
11
10z
10
11z
9
12z
8
13z
8
14z
7
15z
6
16z
5
17z
4
18z
3
19z
3
20 −
z160 z
8
1z
6
2z3z4z
6
7z
14
8 z
12
9 z
11
10z
10
11z
9
12z
8
13z
8
14z
7
15z
6
16z
5
17z
4
18z
3
19z
3
20 −
z160 z
6
1z
6
2z
3
3z4z
6
7z
14
8 z
12
9 z
11
10z
10
11z
9
12z
8
13z
8
14z
7
15z
6
16z
5
17z
4
18z
3
19z
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Let’s take a look at the 21 rays of the fan of our toric variety X:
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−6
−4
−1
0

,

−6
−3
−2
0

,

−5
−3
−1
0

,

−5
−2
−2
0


−4
−3
−1
0

,

−4
−2
−1
0

,

−3
−2
−1
0

,

−3
−1
−1
0

,

−2
−1
0
0

,

−2
0
−1
0

,

−1
−1
0
0

For convenience, we are now going to work in non-homogeneous coordinates. Let’s
call the base coordinates u, v and the fiber coordinates x0, x1. (We could have pro-
ceeded with homogenous coordinates. This would have required 4 homogenous coor-
dinates in the base (t, u, v, w) and 3 homogenous coordinates in the fiber (a0, a1, a2)
with scaling (1, 2, 3). We are not using homogeneous coordinates to simplify the
calculation below.)
We set z3 = u, z19 = v, z5 = x0, z6 = x1 and all other coordinates to unity.
(Explanations follow.) We have some choices here:
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• We want a patch on the base where the last of the 4 homogenous coordinates
in the base, the one which is a product of 13 homogeneous coordinates, can
vanish; in our case, that is the ray
−1
0
. This tells us that we should either
use σ2 or σ3. We choose to use σ3 because that is a clean, 90
◦ cone. This means
that we will use
0
1
 and
−1
0
 as our base coordinates.
• Referring to the 21 rays of the fan of our toric variety: For points that map to
base element
0
1
 , we can use the ray z3 =

0
0
0
1

. For points that map to
base element
−1
0
 , we can use the ray z19 =

−2
0
−1
0

. (Both are colored in
red for clarity.)
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• Referring to the ordered list of rays (remember, indexing begins with 0), this
obliges us to set the fourth element, z3, to u; and the twentieth element, z19, to
v.
• As for the fiber coordinates (z5 and z6 in this example): The fiber takes the
form P [1, 2, 3]. Picture the triangle for P [1, 2, 3]. One side of the triangle has 0
interior points, one side of the triangle has 1 interior point and one side of the
triangle has 2 interior points. We’ve resolved all those points so they’re really
cones. So we want to use vertices; and thus we need to use the edge that does
not have any interior points. This corresponds to the
0
1
 and
1
0
 edge.
Therefore, from the 21 rays listed above, z5 =

0
1
0
0

and z6 =

1
0
0
0

are good
choices. (Colored blue for clarity.)
The resulting polynomial is:
u10v4−u9v4 + 2u9v3−u8v4−u7v4x0− 2u8v3− 2u7v4− 2u6v4x0− 2u8v2− 2u7v3 +
2u6v4−u6v3x0 +2u4v4x20 +u7v2 +2u6v3 +u5v4 +2u5v3x0 +2u4v4x0 +u3v4x20−u6v2x1−
u7v−2u5v3+u4v4+2u5v2x0+2u4v3x0−u3v4x0−2u3v3x20+u2v4x20−2uv4x30+2u5v2x1−
2u6v + 2u5v2 + 2u4v3 + u3v4 − u4v2x0 − u3v3x0 − 2u2v4x0 + u2v3x20 − uv4x20 + v4x30 −
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2u5vx1 − 2u4v2x1 − 2u6 + u4v2 − u3v3 − u2v4 − u4vx0 − u3v2x0 + 2u2v3x0 + 2uv4x0 +
2u2v2x20 + 2uv
3x20− v4x20− 2u4vx1 + 2u2v2x0x1 + 2u5−u4v+uv4 +u3vx0 + 2u2v2x0−
2uv3x0+uv
2x20−v3x20+2u4x1−2u2v2x1+uv2x0x1+u4+u3v−u2v2−uv3+v4−u2vx0−
uv2x0−2v3x0−2uvx20−v2x20+u2vx1+uv2x1+uvx0x1+2v2x0x1−u2x21+u3−u2v+uv2−
v3−uvx0−vx20−u2x1−v2x1 +vx0x1 +ux21 +2uv+2v2−vx0 +ux1−2vx1−x21−2v+2
It is true that the Picard of the Hirzebruch has rank 2; so there is no concept
of degree, only bidegree. However, we already went to inhomogeneous coordinates.
There is no homogenous degree left. Fortunately, the Weierstrass form can deal with
inhomogeneous coordinates just fine.
Let’s now obtain the discriminant elements a, b,∆. We can employ some code to
obtain a which, when factored, is:
• a = 1
48
v2(32u12v6 + 112u11v6 + 224u11v5 − 592u10v6 − 448u10v5 + 888u9v6 −
384u10v4+840u9v5−904u8v6+800u9v4−496u8v5+448u7v6+352u9v3−1056u8v4−
432u7v5 − 808u6v6 − 816u8v3 + 248u7v4 + 1312u6v5 + 1296u5v6 − 192u8v2 +
1168u7v3 + 568u6v4 − 1992u5v5 − 1921u4v6 + 320u7v2 − 712u6v3 − 1616u5v4 +
1156u4v5 + 1432u3v6 + 128u7v − 192u6v2 + 280u5v3 + 1130u4v4 − 500u3v5 −
832u2v6 − 128u6v − 152u5v2 − 84u4v3 − 820u3v4 − 624u2v5 + 264uv6 − 64u6 +
112u5v+527u4v2+412u3v3−182u2v4+600uv5−48v6+64u5+184u4v−204u3v2−
500u2v3 + 120uv4 − 216v5 − 80u4 − 152u3v + 34u2v2 + 308uv3 − 48v4 − 32u3 +
112u2v + 204uv2 − 48v3 + 16u2 + 56uv − 9v2 − 32u− 24v − 16)
The degree of this polynomial is 20. (This is a local computation; it doesn’t have
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a global meaning. We went into local, inhomogeneous coordinates and wrote down
the Weierstrass equation. Since we went into a coordinate patch, we’re not on H1
anymore; we’re on C2 (because a particular coordinate patch always looks like Cn).
Once we’re on this coordinate patch, bidegree doesn’t concern us.)
We could have carried out this computation using homogeneous coordinates in-
stead; this would require 4 base coordinates. We would have had a notion of bidegree
in this case.
As for b, it appears as:
• b = 1
864
v3(3680u18v9 − 24096u17v9 + 8832u17v8 + 70008u16v9 − 42816u16v8 −
138160u15v9−1536u16v7+90912u15v8+209352u14v9+26304u15v7−120624u14v8−
273240u13v9−18944u15v6−77712u14v7+82944u13v8+333288u12v9+50880u14v6+
149544u13v7+10800u12v8−366900u11v9+7296u14v5−79248u13v6−205008u12v7−
138372u11v8+359700u10v9−7872u13v5+43056u12v6+243132u11v7+262920u10v8−
283248u9v9−9600u13v4−15552u12v5+47604u11v6−238932u10v7−342144u9v8+
185004u8v9+26496u12v4+97632u11v5−163032u10v6+193536u9v7+351864u8v8−
89400u7v9 + 6272u12v3− 42480u11v4− 197736u10v5 + 232332u9v6− 76236u8v7−
260844u7v8 +44353u6v9−16512u11v3 +24552u10v4 +258108u9v5−238524u8v6−
13200u7v7 + 155082u6v8 − 29364u5v9 − 3072u11v2 + 25248u10v3 + 12744u9v4 −
217260u8v5 + 202632u7v6 + 86091u6v7 − 60762u5v8 + 34104u4v9 + 6144u10v2 −
16096u9v3 − 53340u8v4 + 91968u7v5 − 150968u6v6 − 76698u5v7 + 26544u4v8 −
29996u3v9+1536u10v−6528u9v2−1656u8v3+42588u7v4+41115u6v5+135396u5v6+
73719u4v7−7164u3v8+18360u2v9−2304u9v−1536u8v2+9444u7v3−21402u6v4−
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125724u5v5−122292u4v6−42108u3v7−180u2v8−6624uv9−512u9 + 2880u8v+
10632u7v2 + 913u6v3 − 11910u5v4 + 123774u4v5 + 107820u3v6 + 22464u2v7 +
1728uv8 + 1080v9 + 768u8 + 1536u7v − 10068u6v2 − 16554u5v3 + 3360u4v4 −
80292u3v5−63084u2v6−8820uv7−1152u7−3024u6v+ 2868u5v2 + 14763u4v3−
216u3v4+29835u2v5+21780uv6+2376v7+64u6+4032u5v+5964u4v2−5096u3v3−
8826u2v4−7236uv5−2988v6+192u5+192u4v−3648u3v2−3321u2v3+2538uv4+
216v5−768u4−864u3v+1332u2v2+2478uv3−504v4−64u3+1152u2v+1476uv2−
315v3 + 192uv − 108v2 − 192u− 144v − 64)
It is clear above that the polynomial b has degree 30.
As for ∆ = 4a3 + 27b2, it factors as follows:
1
16
(2u−1)2v11(u2−u+ 1)3(1964u28v13−17752u27v13 + 9504u27v12 + 69283u26v13−
68656u26v12−168127u25v13+10176u26v11+208216u25v12+313339u24v13−31184u25v11−
384132u24v12−504954u23v13−24704u25v10−26964u24v11+524788u23v12+767030u22v13+
166064u24v10+267334u23v11−561172u22v12−1091345u21v13−44512u24v9−410212u23v10−
710222u22v11+460619u21v12+1380285u20v13+162992u23v9+566616u22v10+1260855u21v11−
108627u20v12−1558024u19v13+33952u23v8−228160u22v9−532755u21v10−1848462u20v11−
507120u19v12+1575693u18v13−179264u22v8+166504u21v9+417459u20v10+2393107u19v11+
1235432u18v12−1510159u17v13−3296u22v7+253988u21v8+120665u20v9−136803u19v10−
2692495u18v11−1945497u17v12+1359427u16v13+133184u21v7−45106u20v8−569682u19v9−
785419u18v10+2553713u17v11+2480408u16v12−1113004u15v13+25088u21v6−241960u20v7−
568330u19v8+941209u18v9+2336296u17v10−1852197u16v11−2849544u15v12+768276u14v13−
248128u20v6+108888u19v7+1199708u18v8−567481u17v9−3941922u16v10+662801u15v11+
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2779952u14v12−404453u13v13−3264u20v5+548512u19v6+575113u18v7−1477825u17v8−
676981u16v9+4620956u15v10+665897u14v11−2287544u13v12+184900u12v13+124672u19v5−
668392u18v6−1401507u17v7+873699u16v8+2112890u15v9−4299992u14v10−1592960u13v11+
1520351u12v12−92827u11v13+2944u19v4−268624u18v5+182612u17v6+1863656u16v7+
374798u15v8−2557484u14v9+3141072u13v10+1817136u12v11−868089u11v12+108182u10v13−
87808u18v4+278224u17v5+545121u16v6−1525138u15v7−1658769u14v8+1928675u13v9−
1943289u12v10−1289892u11v11+598190u10v12−64312u9v13−2752u18v3+197312u17v4+
110834u16v5−1150098u15v6+566542u14v7+1607888u13v8−795878u12v9+1281532u11v10+
715359u10v11− 569692u9v12 + 4681u8v13 + 55232u17v3− 231280u16v4− 507115u15v5 +
1231684u14v6+381673u13v7−524944u12v8+178078u11v9−1243165u10v10−313280u9v11+
592059u8v12 + 67517u7v13 − 128u17v2 − 111744u16v3 + 56220u15v4 + 709897u14v5 −
1087540u13v6−748792u12v7−849002u11v8−262543u10v9+1324562u9v10+383654u8v11−
438069u7v12−78631u6v13−23552u16v2 + 125464u15v3 + 147496u14v4−394235u13v5 +
846929u12v6+443777u11v7+1301535u10v8+883303u9v9−1000942u8v10−479706u7v11+
181586u6v12+61131u5v13−64u16v+36080u15v2−31753u14v3−193649u13v4+78274u12v5−
772819u11v6−81417u10v7−1080490u9v8−1190822u8v9 +428499u7v10 +455351u6v11 +
17763u5v12−24037u4v13+8064u15v−37944u14v2−54447u13v3+65492u12v4+295410u11v5+
738436u10v6 + 60500u9v7 + 544108u8v8 + 968331u7v9 − 30205u6v10 − 292857u5v11 −
67201u4v12+1781u3v13+512u15−11280u14v−20696u13v2+53142u12v3+44876u11v4−
337042u10v5− 566720u9v6− 146324u8v7− 132957u7v8− 434692u6v9− 119491u5v10 +
114884u4v11+49826u3v12+5135u2v13−2304u14+12400u13v+40844u12v2−3004u11v3−
101245u10v4+323846u9v5+148833u8v6+100219u7v7−8399u6v8+4496u5v9+38467u4v10+
2158u3v11−23337u2v12−2947uv13 +3456u13 +7440u12v−42696u11v2−20483u10v3 +
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85468u9v4 − 163847u8v5 + 295639u7v6 + 196973u6v7 − 50738u5v8 + 105785u4v9 +
43796u3v10 − 24835u2v11 + 8016uv12 + 611v13 − 3520u12 − 9008u11v + 2576u10v2 −
12704u9v3−127499u8v4+74097u7v5−444744u6v6−418920u5v7+39255u4v8−72775u3v9−
76659u2v10+8565uv11−864v12−128u11+13200u10v+962u9v2+16324u8v3+103898u7v4+
48834u6v5 +365093u5v6 +468481u4v7 +63581u3v8 +4329u2v9 +45044uv10−1110v11 +
1152u10 +3456u9v−5057u8v2−15797u7v3−106746u6v4−161441u5v5−244490u4v6−
317301u3v7 − 116707u2v8 + 2859uv9 − 11487v10 − 3360u9 + 2152u8v + 8892u7v2 +
7898u6v3 +39417u5v4 +198684u4v5 +187954u3v6 +129928u2v7 +67155uv8−2307v9 +
1072u8 + 7704u7v− 9487u6v2− 19839u5v3− 14183u4v4− 128322u3v5− 121083u2v6−
24610uv7−14403v8−2496u7−3336u6v+1738u5v2+12721u4v3−9002u3v4+40101u2v5+
47773uv6 + 1654v7 − 576u6 + 7920u5v + 9485u4v2 − 4253u3v3 − 979u2v4 + 956uv5 −
6432v6+32u5+1736u4v−4424u3v2−3338u2v3+4396uv4−2315v5−1728u4−1688u3v+
559u2v2 + 2092uv3− 1280v4− 224u3 + 2136u2v+ 1696uv2− 1063v3− 16u2 + 672uv−
176v2 − 384u− 176v − 128)
Notice that ∆ has degree 60 (from the first term in ∆, 2+11+2×3+28+13 = 60).
a, b,∆ are local functions on the complex surface forming the Hirzebruch. Recall
that the ratio of the degrees of b to a should be degree b
degree a
= 3
2
and of ∆ to b should be
degree ∆
degree b
= 2. This is all as we would expect.
Recall that when we wrote the morphism as a polynomial map and the projection
in toric coordinates, we mapped 21 homogenous coordinates to 4 homogeneous coor-
dinates in the base. z4 mapped to the first coordinate in the base, z3 to the second, z1
to the third and the final homogeneous coordinate in the base was the product of a lot
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of homogeneous variables: z20z
2
2z
2
8z
2
9z10z
2
11z12z
2
13z14z15z16z17z19. The last homogeneous
coordinate in the image being a product means that there is a lot of components
that map onto that. Thus, if any one of those factors is 0, that is another irreducible
component of the fiber. This prompts us to ask a few questions:
• What does the pre-image of the point (0, 1, 1, 1) look like?
– z4 = 0, z3 = 1, z1 = 1 and the other zi have to be 1 up to homogeneous
rescaling. Thus the pre-image is just where z4 = 0. So in the ambient
space, there is a single divisor that maps to this point. So we intersect
z4 = 0 with our hypersurface equation to find out exactly what the fiber
looks like. (Generically, the hypersurface equation is smooth and z4 = 0
is smooth so the intersection is just going to be a generic point along the
submanifold where the first coordinate vanishes on the base.)
– Seen another way: we have a 2 dimensional base, z4 = 0 is a complex line
in this base. The fiber over z4 = 0 won’t be complicated because, again,
it’s the hypersurface equation in the ambient space intersected with z4 = 0.
Thus, the fiber over this line in the base is pretty simple.
• What does the pre-image of the point (1, 0, 1, 1) look like? Similar to above.
• What does the pre-image of the point (1, 1, 0, 1) look like? Similar to above.
• What does the pre-image of the point (1, 1, 1, 0) look like?
– Here z4 = z3 = z1 = 1. Meanwhile, z0 = 0 or z2 = 0 or z8 = 0 ... or
z19 = 0. If any of these 13 homogeneous coordinates vanish, that maps to
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(1, 1, 1, 0).
– In terms of the ambient space, we have a collection of 13 divisors and they
all intersect the hypersurface equation. All of those components create,
by intersecting the hypersurface, irreducible components of the fiber. The
fiber over the last coordinate will have a lot of components because various
homogeneous coordinates can vanish, projecting down to something where
the last homogeneous coordinate in the base is 0. That’s why the fiber
over the last homogeneous coordinate being 0 is so complicated.
We used inhomogeneous coordinates on the base to ensure that v = 0 was one of
the rays in the base. (Recall that we chose a coordinate patch so that v = 0 in the
base would vanish.)
Notice that, along the divisor v, a has order of vanishing 2, b has order 3 and ∆
has order 11. This is all consistent with an I∗5 Kodaira fiber from Tate’s algorithm
on a Weierstrass equation.
Table 4: Tate’s algorithm for the Kodaira fiber of a Weierstrass equation
Fiber I0 In II III IV I
∗
0 I
∗
n IV
∗ III∗ II∗
ord(a) ≥ 0 0 ≥ 0 1 ≥ 2 ≥ 2 2 ≥ 3 3 ≥ 4
ord(b) ≥ 0 0 1 ≥ 2 2 ≥ 3 3 4 ≥ 5 5
ord(∆) 0 n 2 3 4 6 n+ 6 8 9 10
The accompanying singularity is D9 and the associated nonabelian symmetry
algebra is so(18) or so(17). To distinguish, we need to look at the monodromy
cover. (For this fiber, we need to look at the monodromy cover. Some fibers don’t
have monodromy because they don’t have suitable symmetry.) For the I∗5 fiber over
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the divisor v = 0, the monodromy cover depends on whether or not −1
4
∆
v11
(2va
9b
)3 =
− 2
729
∆
v11
(va
b
)3 restricted to v = 0 is a square or not (that is, if it can be written as an
expression to the second power).
This is what va
b
looks like:
18(32u12v6 + 112u11v6 + 224u11v5 − 592u10v6 − 448u10v5 + 888u9v6 − 384u10v4 +
840u9v5− 904u8v6 + 800u9v4− 496u8v5 + 448u7v6 + 352u9v3− 1056u8v4− 432u7v5−
808u6v6−816u8v3 +248u7v4 +1312u6v5 +1296u5v6−192u8v2 +1168u7v3 +568u6v4−
1992u5v5−1921u4v6 +320u7v2−712u6v3−1616u5v4 +1156u4v5 +1432u3v6 +128u7v−
192u6v2 + 280u5v3 + 1130u4v4 − 500u3v5 − 832u2v6 − 128u6v − 152u5v2 − 84u4v3 −
820u3v4−624u2v5 +264uv6−64u6 +112u5v+527u4v2 +412u3v3−182u2v4 +600uv5−
48v6 +64u5 +184u4v−204u3v2−500u2v3 +120uv4−216v5−80u4−152u3v+34u2v2 +
308uv3 − 48v4 − 32u3 + 112u2v + 204uv2 − 48v3 + 16u2 + 56uv − 9v2 − 32u− 24v −
16)(3680u18v9 − 24096u17v9 + 8832u17v8 + 70008u16v9 − 42816u16v8 − 138160u15v9 −
1536u16v7 + 90912u15v8 + 209352u14v9 + 26304u15v7 − 120624u14v8 − 273240u13v9 −
18944u15v6 − 77712u14v7 + 82944u13v8 + 333288u12v9 + 50880u14v6 + 149544u13v7 +
10800u12v8 − 366900u11v9 + 7296u14v5 − 79248u13v6 − 205008u12v7 − 138372u11v8 +
359700u10v9 − 7872u13v5 + 43056u12v6 + 243132u11v7 + 262920u10v8 − 283248u9v9 −
9600u13v4 − 15552u12v5 + 47604u11v6 − 238932u10v7 − 342144u9v8 + 185004u8v9 +
26496u12v4 + 97632u11v5 − 163032u10v6 + 193536u9v7 + 351864u8v8 − 89400u7v9 +
6272u12v3 − 42480u11v4 − 197736u10v5 + 232332u9v6 − 76236u8v7 − 260844u7v8 +
44353u6v9−16512u11v3+24552u10v4+258108u9v5−238524u8v6−13200u7v7+155082u6v8−
29364u5v9−3072u11v2+25248u10v3+12744u9v4−217260u8v5+202632u7v6+86091u6v7−
126
60762u5v8+34104u4v9+6144u10v2−16096u9v3−53340u8v4+91968u7v5−150968u6v6−
76698u5v7 + 26544u4v8− 29996u3v9 + 1536u10v− 6528u9v2− 1656u8v3 + 42588u7v4 +
41115u6v5 + 135396u5v6 + 73719u4v7− 7164u3v8 + 18360u2v9− 2304u9v− 1536u8v2 +
9444u7v3− 21402u6v4− 125724u5v5− 122292u4v6− 42108u3v7− 180u2v8− 6624uv9−
512u9 + 2880u8v + 10632u7v2 + 913u6v3 − 11910u5v4 + 123774u4v5 + 107820u3v6 +
22464u2v7+1728uv8+1080v9+768u8+1536u7v−10068u6v2−16554u5v3+3360u4v4−
80292u3v5−63084u2v6−8820uv7−1152u7−3024u6v+2868u5v2+14763u4v3−216u3v4+
29835u2v5 + 21780uv6 + 2376v7 + 64u6 + 4032u5v+ 5964u4v2−5096u3v3−8826u2v4−
7236uv5−2988v6 +192u5 +192u4v−3648u3v2−3321u2v3 +2538uv4 +216v5−768u4−
864u3v+ 1332u2v2 + 2478uv3− 504v4− 64u3 + 1152u2v+ 1476uv2− 315v3 + 192uv−
108v2 − 192u− 144v − 64)−1
Cubing and multiplying by ∆
v11
produces an unsightly expression, which cleans up
when we go along the v = 0 divisor. Suffice to say that SAGE can assess whether or
not there is a monodromy and, correspondingly, the gauge algebra. In this case, the
expression does not yield a clean square so the gauge algebra is so(17).
As we saw from looking at ∆, there are several other more complicated non-toric
factors, like (2u − 1)2. These are irreducible components of the discriminant that
intersect somewhere. Here, the intersection of these two Kodaira fibers will take
place at (u, v) = (1
2
, 0). The fiber over that point will be a more complicated entity;
usually, they are Kodaira fibers with components contracted. There is no Kodaira-like
classification for these types of fibers; Kodaira’s table only applies for co-dimension
one. Finally, there is also the Kodaira fiber I1 but this is commonly considered the
127
trivial fiber.
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